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“The Moore-Penrose inverse is unique”

Def.: A matrix B is Moore-Penrose inverse of a matrix A if

ABA = A, BAB = B, B∗A∗ = AB, A∗B∗ = BA

Claim If B and C satisfy these identities, then B = C.

Proof

Using our software package operator_gb. . .
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An algebraic point of view

L = R ⇐⇒ L− R = 0

B = . . . = C ⇐⇒ ?

Theorem (Helton, Stankus, Wavrik ’98, Schmitz, Levandovskyy ’20, Raab, Regensburger, Hossein Poor ’21)

r∧
i=1

Ai = Bi ⇒ S = T iff s− t ∈
(
a1 − b1, . . . ,ar − br

)
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Noncommutative Polynomials

c1 ·w1 + · · ·+ cd ·wd

∈ Z⟨X⟩

Example xyyx+ 2xyz− zyx− 2zz

∈ Z⟨x,y, z⟩

Arithmetic operations

Addition = like in the commutative case

(xy− z) + (yx+ 2z) = xy+ yx+ z 1234

Multiplication = concatenation of words

(xy− z) · (yx+ 2z) = xyyx+ 2xyz− zyx− 2zz 12345678
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Consequences

Definition A nonempty set I ⊆ Z⟨X⟩ is a (two-sided) ideal if

1. f,g ∈ I ⇒ f+ g ∈ I
2. f ∈ I, p,q ∈ Z⟨X⟩ ⇒ p · f · q ∈ I

The smallest ideal containing f1, . . . , fr is denoted by I = (f1, . . . , fr).

f is consequence of f1, . . . , fr ⇐⇒ f ∈ (f1, . . . , fr)

Ideal membership problem f
?
∈ (f1, . . . , fr) is semi-decidable.

• f ∈ (f1, . . . , fr) can always be verified in finite time

• in this case, we can compute pi,qi ∈ Z⟨X⟩ : f =
∑

i pi · fi · qi

• if f ̸∈ (f1, . . . , fr), we might run into an infinite computation
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aba − a , bab − b, b∗a∗ − ab , a∗b∗ − ba
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Proof Using our software package operator_gb. . .
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- b*a*c*(-a*b + b_adj*a_adj) - b*(-a + a*c*a)*b
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- (-b + b*a*b) + (-c*a + a_adj*c_adj)*b*a*c
- (-a_adj + a_adj*c_adj*a_adj)*b_adj*c + c*(-a + a*b*a)*c
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Observation Proof only relies on basic linearity properties⇒ Statement proven for matrices, (un)bounded operators, morphisms,. . . 12345
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Linearity

1. + forms an abelian group 2. · is associative

3. distributivity 4.∗ we also allow partial operations
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Semi-Decision Procedure

Quasi-identities
(Helton, Stankus, Wavrik ’98, Schmitz, Levandovskyy ’20, Raab, Regensburger, Hossein Poor ’21)

m∧
i=1

Pi = Qi ⇒ S = T iff s− t ∈
(
p1 − q1, . . . ,pm − qm

)

13



Semi-Decision Procedure

General operator statements

(Helton, Stankus, Wavrik ’98, Schmitz, Levandovskyy ’20, Raab, Regensburger, Hossein Poor ’21)

verifiable using
computer algebra

3
Universal
statement
∀X : φ

Idealisation

Instantiations

...

Operator
statement

finitely many
ideal memberships

in Z⟨X⟩
Ë

é

CNF Ac
ke

rm
an

n

red
uc

tio
n

Theorem (H., Raab, Regensburger ’22)

An operator statement is universally true iff this procedure terminates
and returns Ë.
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or
1. go to https://github.com/ClemensHofstadler/operator_gb

2. Click “launch binder”

123443

18

https://mybinder.org/v2/gh/ClemensHofstadler/operator_gb/HEAD?labpath=Tutorial.ipynb


Theorem (Hartwig ’86) Let A,B,C be matrices and define

P = A†ABCC† and Q = CC†B†A†A.

Then

PQP = P ∧ range(A∗AP) = range(Q∗) ∧ range(CC∗P∗) = range(Q)⇒
(ABC)† = C†B†A†.

Which of these assumptions can be weakened?

a) range(A∗AP) = range(Q∗) ⇝ range(A∗AP) ⊇ range(Q∗)

b) B† does not have to be the MP-inverse of B but can be any matrix

c) range(CC∗P∗) = range(Q) ⇝ range(CC∗P∗) ⊆ range(Q)
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Then

PQP = P ∧ range(A∗AP) = range(Q∗) ∧ range(CC∗P∗) = range(Q)⇒
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Ë range(A∗AP) = range(Q∗) ⇝ range(A∗AP) ⊇ range(Q∗)
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19



Theorem A,B matrices such that AB exists.

B†(ABB†)† = (A†AB)†A† = B†A† ⇒ (AB)† = B†A†

Correctness of this theorem translates into

(ab)† − b†a† ∈ (f1, . . . , f44)Proof

. . .− (ab)†abb†f7(ab)†b(a†ab)†b(a†ab)†(abb†)†

− (ab)†abb†f5b(a†ab)†b(a†ab)†(abb†)†

− (ab)†af22a†ab(a†ab)†(abb†)† + . . .

How?

Another proof

(ab)† − b†a† = f21 − f10 + b†f14 − f12(ab)† − b†(abb†)†f11 + b†(abb†)†f15

+ (a†ab)†a†f9(ab)† − b∗f23((ab)†)∗(ab)† − f21ab(ab)† + f22ab(ab)†

− f39(a†)∗((ab)†)∗(ab)† + b†(abb†)†((abb†)†)∗(b†)∗f31 − b†f14d∗b∗(a†)∗

+ (a†ab)†a†abf12(ab)† − b†(abb†)†f15((ab)†)∗b∗(a†)∗

+ f20b∗(a†)∗((ab)†)∗(ab)† + (a†ab)†a†abb∗f23((ab)†)∗(ab)†
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“The 24th problem in my Paris lecture was to be: Criteria of
simplicity, or proof of the greatest simplicity of certain proofs. [. . . ]
The use or the knowledge of a syzygy simplifies in an essential way a
proof that a certain identity is true.” – David Hilbert, ∼1900.

21



“The 24th problem in my Paris lecture was to be: Criteria of
simplicity, or proof of the greatest simplicity of certain proofs. [. . . ]
The use or the knowledge of a syzygy simplifies in an essential way a
proof that a certain identity is true.” – David Hilbert, ∼1900.

operator statement proof

ideal membership cofactor representation

f ∈ (f1, . . . , fr) f =
∑N

i=1 ciai · fji · bi

We want to compute a representation with minimal N.
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“The 24th problem in my Paris lecture was to be: Criteria of
simplicity, or proof of the greatest simplicity of certain proofs. [. . . ]
The use or the knowledge of a syzygy simplifies in an essential way a
proof that a certain identity is true.” – David Hilbert, ∼1900.

Given f, f1, . . . , fr ∈ Z⟨X⟩, N ∈ N
Compute ai,bi ∈ ⟨X⟩, ci ∈ Z such that

f =

⩽N∑
i=1

ciai · fji · bi,

if such elements exist, else return Failed.

Theorem (H., Verron ’24) The problem is decidable! (but NP-complete)

Good (sometimes optimal) approximations with linear programming.
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What About False Statements?

∀A,B,X, Y : (AX = 1 ∧ BY = 1) ⇒ ABXY = 1

A =

(
1 1

0 1

)
B =

(
0 1

1 1

)
X =

(
1 −1

0 1

)
Y =

(
−1 1

1 0

)

v ≡2 . . . ? ? ? ? ? ? ? ?

= −
37

51

22



The Sock-Shoe-Principle

(AB)−1 = B−1A−1

23



The Sock-Shoe-Principle

A B

A−1 B−1

(AB)−1 = B−1A−1
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What About False Statements?

∀A,B,X, Y : (AX = 1 ∧ BY = 1) ⇒ ABXY = 1

A =

(
a11 a12

a21 a22

)
B =

(
b11 b12

b21 b22

)
X =

(
x11 x12

x21 x22

)
Y =
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y11 y12

y21 y22

)

Idea: make ansatz
with matrices
of fixed size
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Algebraic Automated Theorem Proving
=

Proving statements about linear operators
with computer algebra

Linear operators → noncommutative polynomials in free algebra1234567

Operator statement → ideal membership f
?
∈ I

Proof → explicit linear combination

We can also. . .

. . . compute short(est) proofs of true statements.

. . . compute counterexamples for false statements.
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