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Noncommutative = really noncommutative

= free algebra K(X) = K(x1,...,%n)

Noncom. polynomial + € K(X

words over X ={x1,...,x

xyyx + 2xyz —zyx —2zz € Q(x,y,z)

Addition (xy—z)+ (yx+2z) = xy+yx+z

Multiplication (xy —z) - (yx +2z) = xyyx + 2xyz —zyx — 2zz
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A nonempty set I C K(X) is a (two-sided) ideal if

f,gel = f4+gel
fel,p,qekKX) = p-f-qel

Ideal generated by f1,...,f. denoted by I = (fq,...,f;).
\ J

K(X) is ! eg., (xy"x|neN) C K(x,y)

This talk: Grobner basis theory for finitely generated two-sided ideals.

( Noncomm. GB theory = comm. GB theory — finiteness )

(3 GB theory for fin. gen. one-sided ideals, but that is trivial.)



Good news Most of the commutative theory carries over.



Good news Most of the commutative theory carries over.

Reduction if Im(f) =a-lm(g)-b, then f =g f— 12((;)

1

)@



Good news Most of the commutative theory carries over.

Reduction if Im(f) = a-1m(g) - b, then f —4 f— 112((;)) -a

Groébner basis

Gisa Grobner basisof [if fel < 3550




Good news Most of the commutative theory carries over.

Reduction if Im(f) = a-1m(g) - b, then f —4 f— 112((;)) -agb

Groébner basis

Gisa Grobner basisof [if fel < 3550

S-polynomials  Icm-construction ~» overlap & inclusion ambiguities



Good news Most of the commutative theory carries over.

Reduction if Im(f) = a-1m(g) - b, then f —4 f— 115((;)) -agb

Groébner basis

Gisa Grobner basisof [if fel < 3550

S-polynomials  Icm-construction ~» overlap & inclusion ambiguities

commutative



Good news Most of the commutative theory carries over.

Reduction if Im(f) = a-1m(g) - b, then f —4 f— 115((;)) -agb

Groébner basis

Gisa Grobner basisof [if fel < 3550

S-polynomials  Icm-construction ~» overlap & inclusion ambiguities

commutative overlap inclusion
g: - e e - - -

SPol =T — =9 o — g fom —g



Good news Most of the commutative theory carries over.

Reduction if Im(f) = a-1m(g) - b, then f —4 f— 115((;)) -agb

Groébner basis

Gisa Grobner basisof [if fel < 3550

S-polynomials  Icm-construction ~» overlap & inclusion ambiguities

commutative overlap inclusion
g — - e e - - -
SPol =T — =9 o — g fom —g

Algorithms  Buchberger, F4, F5 all generalize to K(X) (and R(X)).



Good news Most of the commutative theory carries over.

Reduction if Im(f) = a-1m(g) - b, then f —4 f— 115((;)) -agb

Groébner basis

Gisa Grobner basisof [if fel < 3550

S-polynomials  Icm-construction ~» overlap & inclusion ambiguities

commutative overlap inclusion
g — - e e - - -
SPol =T — =9 o — g fom —g

Algorithms  Buchberger, F4, F5 all generalize to K(X) (and R(X)).

Bad news Algorithms need not terminate.
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“The Moore-Penrose inverse is unique”

Def.: A matrix B is Moore-Penrose inverse of a matrix A if

aba —a,

bab — b,

b*a* — ab,

a*b* — ba

Claim If B and C satisfy these identities, then B = C.

Proof B =BAB =BACAB=... =C
—
b—ce (f1,...,f12)
e
: By
c') e ¥ .
o ) finitely many
Operator N o Universal ideal memberships — &/
statement Instantiations statement in Z(X)

—

Idealisation
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Reverse order law for the Moore-Penrose inverse
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Arideisory I this paper we present new results related to the reverse order law for the Moore
Receved 7 May 2009 Pentose inverse of operators on Hilbert spaces. Some finite-dimensional results are
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1. Introduction

—
In this paper we exiend some results from [15] to infinite-dimensional settings. Among other things, we obtain the.
reverse order law for the Moore-Penrose inverse as a corollary. We use the matrix form of a linear bounded operator, and
ihis matrix fom i induced by some natural decompoitions f Hibert spces
the Introduction we fors wo auxiliary results. In Section 2 we present the results related to the
reverse oder e for the Moore.enros Invrse of Hlbert Space operaors wih cosed ange. The preset paper s the
extension of results from [15] to infinte-dimensional seftings.

2. Reverse order law

In this section we prove the results concerning the reverse order law for the Moore-Penrose inverse.

be Hilbert spaces, and let A € L (Y., 2), B € £(X, Y) be such that A, B, AB have closed ranges. Then the

following statements hald:

@ AB(AB)! = ABB'A' &> A*AB = BB'A*AB & R(A"AB) S R(B) & B'A' € (AB)(1,2,3);
] (AB) AB=BIATAB & ABB* = ABB*A'A & R(BB*A") € R(A") & B'AT ¢ (AB){1,2,4);
1 el samens e vl

1AT;

O Wt = A8 A and Ay A =slatas;
f A*AB = BBIA"AB and ABB" = ABB*AlA
97 R (K28 £ R(8)and R(B Ay £ ROA)

Proof. The operators 4 and B have the same matrix representations as in the previous theorem. The following products
will be useful:

A1By 0O it By' 0 AT By'A}D' 0
an=[A0 ] amt [ W8 ] wa[B0T 0]

>

First, we find the equivalent expressions for our statements in terms of Ay, A2 and By

.. Do, K. Dicit/ . Math. Ana Appl. 361 (2010)252-261 257

@) 1 AB(AB)! = ABB'AT & A1B1(A1B1)' = A1ATD . Here AiB1(A1By)' is Hermitian, 50 [A1A7, D *
2. A"AB = BBTA*AB ¢ A3A; =0.
3. Notice that R(A"AB) C R(B) if and only if BE'A*AB = A*AB,
10w check properly he enrese equatons, then we see tha. BIAI € (AB)(L2.3) & AATD 1A = Ay and
[A145,07"=0.

Now, we prove the following: 142, 4=2 and 1= 4,
We prove 1 ¢ 2. Notice that

MBIAMBY = AADT & (B = (1B AATD
The last statement s obtined by multiplying the first expression by (4,8, from th let sid, or multplyng the second
expression by A1B from the left side, and using A1A7 = A1 By By A7. Now, there s a chain of the equivalences:
AiB) = (ABY'MAIDT & (ABY (AA] + A2A3) = (A1 B) A AT
& (MB)AAY & R(AA3) CN((M1B))

© RA)CN(AMB)') & BiAjA @ AjA=0.

Therefore, we have just proved that 1

Now we prove 1= 4. If we multiply A{ By(4;B1)! = A;AD~" by A,B from the right side, we get AAD-1A; =
Thus, 4 holds

i, ve prove 42 1 ALAD 1= and [A147 07110, then AiAids =Dy
that A, (A1) C N(A2A) =N(A3). 50 AAr =0. Thus, 2 holds,

Mot the cqualence 3 .4 roved n 3 0.

VAT AL + Az A3Ay, implying

(6) 1. (AB)'AB = B'ATAB < (4181)'A1By = By AD~A1B,. Moreover, (41B)'A1By is Hermitian, so (818}, A1~ Ayl =

o.
2. ABB" = ABB*A'A > AByBjATD ' Ay = A1B1B} and A(B\BjATD A,

A o
3. Notice that R(BB*A") C R(A") i and only if A'ABBA* = BB A", which is equivlent to ABB*AA = ABB". Hence,

4. The Penrose equarions imply that: BTAT € (AB)(1,2,4) & A|ATD~Ay = Ay and [8,B]. A{D~'Ay]=0.

We prove 154521

Stppose that 1 e, I we mutiply (A.Bn AiBy = By A{D='A1B1 by AiBy from the left side, we obtain A;
A A0 Ay, Furthermore, (8485, A D11 =0 holds. Therelore, 1 =4,

Suppose that 4 holds. Obviously. A,R\R‘A‘n 1Ay = AyA;D~1A\B1B; = A, B B;. Thus, the first equality of 2 holds. The
second equality of 2 also holds, since AD~"A2 =0 & AyA;D~ Ay = Ar, which is shown in the proof of Theorem 2.1. Here
we use again (8187, A{D~Ar] = 0. Consequently, 4= 2.

In order to prove that 2 = 1, we multiply AiBiB{A{D~'Ar = AiB1B] by (AiBy)! from the left side. It fol-
lows that BEATD 1Ay (ms,ﬂmu.s' 50 (A1B)! 1By = B{ATD™A1(B)~" which is equivalent to (418118

o 5. Hence, 2>

" Nolee that 4.5 e prod i 8]

Finally, the part (c) follows from the parts (a) and (b). O

We also prove the following result,

‘Theorem 2.3 Let X, Y, Z be Hilbert spaces, and let A & L(Y. Z), B € L(X.Y) be such that A, B, AB have closed ranges. Then we
have!

@ AB(AB)'A = ABB' > A*ABB' = BB'A*A & R(A"AB) C R(B) & B'A' € (AB)(1,2,3)
7 B(AB)!AB = A1AB  A1ABB* = BB*A'A & R(BB*A®) C R(A*) & BIAT € (AB){1,2,4)
¢ The following three statements are equivalent:

o By = aiAT
@] AB(AB)'A = ABB and B(AB)!AB = A'AB;
@ A*ABB! = BBIA*A and AIABB" = BB*A'A

Proof. The operators A and B have the same matrix representations as in the previous theorem. First, we find equivalent
expressions, in the terms of A1, Az and By, for our assumptions,




coker(a) — coker(b) — coker(c)



is K(X | R) trivial, commutative,
“The Moore-Penrose fin. dim., etc.?

inverse is unique”

theorem (comput.)
a proving algebra Inj

compute in K(X|R)

Noncommut.

Grobner bases



is K(X | R) trivial, commutative,
“The Moore-Penrose

fin. dim., etc.?
inverse is unique”

fel
theorem (comput.)
a proving algebra Inj

compute in K(X |R)

Noncommut.
Grobner bases

—. graph theory
90°




2 1 1

q
rotate 90°
—_—

3 4 2




2 1 1

q
rotate 90°
—_—

*—
3 4

p)
Classical symmetry

01 00
00 1 0
P=1o 0 0 1
1.0 00

P permutation matrix s.t.

P commutes with adjacency matrix



rotate 90°
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3 4 2 3
Classical symmetry Quantum symmetry
o 1 0 0 U w2 w3 U4
p_ 0o 0 1 0 U= |Y21 w22 U3 un
1o 0o 0 1 U3l U3z U3z U3g
10 0 0 Ugq1  Ugq2 W43 Uggq
P permutation matrix s.t. uyj are noncommuting objects s.t.

P commutes with adjacency matrix 1. U commutes with adjacency matrix

2. Y Uik = ugi =1

_ .2
i =Y

*

3. Uiy = uy



2 1 1 4

———
rotate 90°
—_—

3 4 2 K]
Classical symmetry Quantum symmetry
o1 0 0 Wil w2 w3 Ugg
p_ 0o 0 1 0 U= U1 U2 U3 U4
1o 0o 0 1 U3l U3z U3z U3g
10 0 0 Ugq1  Ugq2 W43 Uggq
P permutation matrix s.t. uyj are noncommuting objects s.t.

P commutes with adjacency matrix

Lo— . — 2
3. U = uf = U

1. U commutes with adjacency matrix

2. Y Uik = ugi =1

Graph has quantum symmetries
—
[wij, wal ¢ (1.,2.,3.)




apply U
e
— *——o
3 4
Classical symmetry Quantum symmetry
o 1 0 0 P 1—p 0 0
o 0 1 0 1—p P 0 0
pP= U=
0o 0 0 1 0 0 q 1—q
10 0 0 0 0 1—q q
P permutation matrix s.t. uyj are noncommuting objects s.t.

P commutes with adjacency matrix 1. U commutes with adjacency matrix

2. Y Uik =2 puki =1

ok — 12
3. U = uf = U

Graph has quantum symmetries
—
[wij, wal ¢ (1.,2.,3.)
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is K(X | R) trivial, commutative,
“The Moore-Penrose

fin. dim., etc.?
inverse is unique”

fel
theorem (comput.)
a proving algebra Inj

compute in K(X |R)

Noncommut.
Grobner bases

rotate ’ graph theory game theory
90°

3 perfect
operator strategy
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classical

no co-op

-

quantum

Ha ® Hp

-

operator
H

11



classical

no co-op

-

quantum

Ha ® Hp

3 perfect operator strategy =

- operator
H

~1¢5S0S+1 C C(X)
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classical - quantum - operator

no co-op Ha ® Hp H

3 perfect operator strategy = —1¢S0OS+1 C C(X)

noncomm. GB + SDP = —-1&S0S+1
= A perfect operator strategy

11
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NCAlgebra

(SageMath) (Mathematica)

operator gb

Noncommut.
NCPoly

(ApCoCoA)

Grobner bases
software

Oscar

(Julia)

Letterplace

(Singular)

Macaulay2

Opal (c++)

13
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https://gitlab.sai.jku.at/f4ncgb/f4ncgb

fAncgb
Example Letterplace Macaulay2
1 core 4 cores 16 cores

4nilpbs-10 1217 875 30 18 12
braid3-16 18314 14 291 10 5 4
braidX-18 >43200 >43200 140 55 30
braidXyY-12 1608 18887 10 7 6
holt_G3562h-17 | >43200 >43200 45 38 36
lascala_neuh-13 167 37 1 1 1
1p1-15 24166 33923 1M 86 83
1v2d10-100 >43200 24930 10 10 10
malle_G12h-100 3934 163 36 35 37

(Timings in sec)



fancgb (c++)

Macaulay2

Noncommut.
Grobner bases
software

Letterplace

(Singular)
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,///
Noncommut.
Grobner bases
software
AN
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fancgb (c++)

Noncommut.
Grobner bases
software
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https://gitlab.sai.jku.at/f4ncgb/f4ncgb

fancgb (read “fancy-gb”)

Open-source C++ library that ports commutative advancements to the
noncommutative setting.

e Grébner basis computation in Q(X) and
Zp(X) for prime p < 23! E E

e Noncommutative F4 with specialized
data structures, linear algebra, etc.

e Elimination orders & Proof logging

OSCAR E o=

e Default implementation in

SYMBOLIC TOOLS

16


https://gitlab.sai.jku.at/f4ncgb/f4ncgb

e (Compressed) monomials in bump-pointer allocator + hash map

e Prefix tree of GB-LMs for divisibility tests
LM(G) = {xyx, xyz, yx, yxx, yy}
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17



e (Compressed) monomials in bump-pointer allocator + hash map

e Prefix tree of GB-LMs for divisibility tests
LM(G) = {xyx, xyz, yx, yxx, yy}
ZXYyx

O )
ONOXO,

17



e (Compressed) monomials in bump-pointer allocator + hash map

e Prefix tree of GB-LMs for divisibility tests
LM(G) = {xyx, xyz, yx, yxx, yy}
ZXYyyx

O )
ONOXO,

17



e (Compressed) monomials in bump-pointer allocator + hash map

e Prefix tree of GB-LMs for divisibility tests
LM(G) = {xyx, xyz, yx, yxx, yy}
ZXYyx

O )
ONOXO,

17



e (Compressed) monomials in bump-pointer allocator + hash map

e Prefix tree of GB-LMs for divisibility tests
LM(G) = {xyx, xyz, yx, yxx, yy}
ZXYyx

& ©)
ONOXO,

17



e (Compressed) monomials in bump-pointer allocator + hash map

e Prefix tree of GB-LMs for divisibility tests
LM(G) = {xyx, xyz, yx, yxx, yy}
e Multimodular linear algebra over Q ZXYyyx

o Uses (almost) all tricks from commutative case

R v

ONORO,

o Sparser than in the commutative case
o Lift the matrices ~» correctness guarantee
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(Compressed) monomials in bump-pointer allocator + hash map

Prefix tree of GB-LMs for divisibility tests
LM(G) = {xyx, xyz, yx, yxx, yy}
Multimodular linear algebra over Q ZXYyyx
o Uses (almost) all tricks from commutative case
o Sparser than in the commutative case
o Lift the matrices ~» correctness guarantee

Proof logging via cofactor representations @ @
i ONORO
T - : = RRef

Rows of T give cofactor representations of g; in terms of fq,..., f;
and 915---5,9i-1-

17



fancgb (c++)
operator _gb NCAlgebra

(SageMath) (Mathematica)

Macaulay2

Noncommut.
Grobner bases

NCPoly

(ApCoCoA)

software

Oscar

(Julia)

Letterplace

(Singular)
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