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Answer: No, x ¢ L.

o Are we sure?
e Are we really sure?

e Are we really really sure? — Well, not really.

Certificate for non-membership

If JaeV(I):f(a) A0 then f¢gl

For the example, we can pick a = (—1,—1,—1).
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Problems
e Might require field extensions.

e No such point if polynomial lies in the radical.
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@ Use point a € V(I) with f(a) # 0 to certify non-membership f & I.

Problems
e Might require field extensions.

e No such point if polynomial lies in the radical.

x & (x*=2) x & (x*)
a=+v2 (83 =0 x(§4] #0
A=(13) A=(33)
To certify (x —2)y ¢ {((x—2)%y, y?), we can use
20000 00000
12000 00000
A_((mzoo), (ooooo))
00020 10000
00012 01000



Perfect Nu"ste"ensatz (Eisenbud, Hochster '79; Salomon, Shalit, Shamovich '18)

Let K be a field and f,fy,...,fi € K[x7,...,%xn].
Then f & (f1,...,fx) if and only if

3 commuting square matrices A = (Aq,..., A, ) over K:
fi(A)=---=f(A)=0 and f(A)#0.
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We want non-membership certificates for noncommutative polynomials.

= free algebra K{x1,...,xn)

2
xy’x—yxy € I=(xyx—xy) < Q(x,y)
\ (
v fe(fr,...,f) fe(fr,..., )
can always be verified via GBs may lead to an infinite GB
xy2x — xy? = (xyx — xy) - (y — yx) computation
+xy - (xyx —xy) = need other methods
y, \

Matrix certificate

(xyx —xy)(A) = (§ Q)
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Matrix Certificate

Let f,fy,...,fr € K{x1,...,%n). A matrix certificate of

non-membership for f in (f1,...,f;) is a tuple of sguare matri-

ces A =(A1,...,An) over K with rectangular
fi(A)=---=1.(A)=0 and f(A)#0.

e Matrix certificates cannot always exist.

e Square matrices are not enough:
yx—=1 ¢ (xy=1) < Qxy)

A=((10), (3)

e With rectangular matrices we must be careful with the dimensions!
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X
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Y
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A=((3).0),(31))
l plug ansatz into polynomials
fi(A)= - =1(A)=0 A f(A) #0
l equations for entries form commutative system
hi,....,he € QlY] GB (MSOLVE)
/
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1 0! ™ SAT + Hensel
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Jovana Milos G ond F.<a,b,c,...> = FreeAlgebra(QQ)

!Department of Math

assumptions = [a*b*a - a,...]

claim = abc_dag - c_dagxb_dag+*a_dag

omplez mairice such that ABC s defned and e counterexample (assumptions, claim)
B'A'A. The following conditions are equivalent:

(i) (ABC)' =C'B'A

(i) Q € P{1,2} and both of A"

(ii1) Q € P{1,2} and both of A* AfP J 0 1 1
(iv) Q € P{1}, R(A"AP) ) and R(CC R: A = (1 O) B == C ==
(v) PQ = (PQ 4°AP) LR(Q") and R(CC*P*) 1 —1 0
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Dragana S. Cvetkovié-Ili¢!, Clemens Hofstadler?, Jamal Hossein Poor?,

Jovana Mi Clemens G. Raab?, ¢

!Department of Mathematics, Faculty of Sciences and Mathematics
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Theorem 2.1. [3] Let A, B,C be complez matrices such that ABC is defined and let
P = A'ABCC!, Q = CC'B'A'A. The following conditions are equivalent.

(i) (ABC)! = C1B'A

(i) Q € P{1,2} and both of A"

) and R(CC*P*)

and R(CC"

00
00|, B
00 1

2.1, we get that PQ = 0 is idempotent and
A

define P and Q as in Theorem
A*AP) C R(Q") and R(CC*P*) € R( but (ABC)! # C'B' A

*
F.<a,b,c,...> = FreeAlgebra(QQ)
assumptions = [a*b*a - a,...]
claim = abc_dag - c_dagxb_dag+*a_dag

counterexample (assumptions, claim)

o 1 1
C =
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e We generate 5000 random binomials v — w.

e We test membership via quick GB computation (one is in the ideal).
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