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x
?
∈ I = ⟨x+ y+ z, x2 + y, y2 + z, z2 + x⟩ ⊆ Q[x,y, z]

Answer: Yes, x ∈ I.

• Are we sure?

• Are we really sure?

• Are we really really sure?

– Well, not really.
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• Are we sure?

• Are we really sure?

• Are we really really sure?

– Well, not really.

x =
1

6
(z3 + yz2 − xz2 + z2 + 2yz+ 2x+ 2y− 2z+ 2)·(x+ y+ z)

+
1

6
(z2 − 2)·(x2 + y)

−
1

6
(z2 + 2z+ 2)·(y2 + z)

−
1

6
(z2 + 2yz+ 4y− 4)·(z2 + x)
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– Well, not really.
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Certificate for non-membership
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� Use point a ∈ V(I) with f(a) ̸= 0 to certify non-membership f ̸∈ I.

Problems

• Might require field extensions.

• No such point if polynomial lies in the radical.

x ̸∈ ⟨x2 − 2⟩

a = ±
√
2

A =
(
0 2
1 0

)
x ̸∈ ⟨x2⟩

x2( ?0 1
0 0

) = 0 x( ?0 1
0 0

) ̸= 0

A =
(
0 1
0 0

)

To certify (x− 2)y ̸∈ ⟨(x− 2)2y, y2⟩, we can use

A = (

(
2 0 0 0 0
1 2 0 0 0
0 1 2 0 0
0 0 0 2 0
0 0 0 1 2

)
,

(
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0

)
).
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Perfect Nullstellensatz (Eisenbud, Hochster ’79; Salomon, Shalit, Shamovich ’18)

Let K be a field and f, f1, . . . , fk ∈ K[x1, . . . , xn].
Then f /∈ ⟨f1, . . . , fk⟩ if and only if

∃ commuting square matrices A = (A1, . . . ,An) over K:

f1(A) = · · · = fk(A) = 0 and f(A) ̸= 0.
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We want non-membership certificates for noncommutative polynomials.
= free algebra K⟨x1, . . . , xn⟩

xy2x− xy2 ?
∈ I = (xyx− xy) ⊆ Q⟨x,y⟩

✓ f ∈ (f1, . . . , fr)

can always be verified via GBs

xy2x− xy2 = (xyx− xy) · (y− yx)

+ xy · (xyx− xy)

p f ̸∈ (f1, . . . , fr)

may lead to an infinite GB
computation

⇒ need other methods

Matrix certificate A = (
(
1 0
1 0

)
,
(
1 0
0 0

)
)

(xyx− xy)(A) =
(
0 0
0 0

)
(xy2x− yxy)(A) =

(
0 0
1 0

)
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Matrix Certificate

Let f, f1, . . . , fr ∈ K⟨x1, . . . , xn⟩. A matrix certificate of
non-membership for f in (f1, . . . , fr) is a tuple of square matri-
ces A = (A1, . . . ,An) over K with

f1(A) = · · · = fr(A) = 0 and f(A) ̸= 0.

• Matrix certificates cannot always exist.

• Square matrices are not enough:

yx− 1 ̸∈ (xy− 1) ⊆ Q⟨x,y⟩

A = (( 1 0 ) ,
(
1
0

)
)

• With rectangular matrices we must be careful with the dimensions!

rectangular

5
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f
?

/∈ (f1, . . . , fr) ⊆ Q⟨X⟩

• • •
x

y

z

A = (
(
?
?

)
, ( ? ? ) ,

(
? ?
? ?
? ?

)
)

f1(A) = · · · = fr(A) = 0 ∧ f(A) ̸= 0

h1, . . . ,hk ∈ Q[Y]

A = (
(
1
0

)
, ( 0 −1 ) ,

(
1 1
0 −1
1 −1

)
)

compute restrictions on dimensions

make ansatz with fixed matrix dimensions

plug ansatz into polynomials

equations for entries form commutative system

solve commutative system SMT (cvc5)

GB (msolve)

SAT + Hensel

Idea Compute solution over

Z2 Z4 Z8
. . . Z

22N Q
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⊆ ⊇⊆ ?

sage: from operator_gb import *

sage: F.<a,b,c,...> = FreeAlgebra(QQ)

sage: assumptions = [a*b*a - a,...]

sage: claim = abc_dag - c_dag*b_dag*a_dag

sage: counterexample(assumptions, claim)

A =
(
1 0

)
B =

(
0 1
1 −1

)
C =

(
1
0

)
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Theorem (Tseitin ’58)

The ideal in K⟨a,b, c,d, e⟩ generated by

ac− ca, ad− da, bc− cb, bd− db,

ce− eca, de− edb, cca− ccae

has undecidable membership problem.

• We generate 5000 random binomials v−w.

• We test membership via quick GB computation (one is in the ideal).

• For the rest, we try to construct matrix certificates.

• We find certificates for all 4999 binomials in < 90 sec.

A =

(
0 0 −1 0
1 1 1 −1
0 0 1 0
0 0 0 0

)
B =

(
0 0 0 0
0 0 0 0
1 0 0 0
1 1 0 0

)
C =

( 0 0 0 0
0 1 0 0
0 0 0 0
−1 0 −1 1

)

D =

(
0 0 0 0
−1 0 0 0
0 0 0 0
−1 0 −1 0

)
E =

( 0 0 0 0
0 0 0 0
1 0 0 0
0 −1 −1 1

)
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