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Abstract—To solve classification problems, we present a novel
SAT-based framework for learning NNF networks directly from
binary input-output data. In analogy to deep neural networks,
negation normal form (NNF) networks exhibit a deep structure
with learnable Boolean weights. By encoding this learning prob-
lem as a propositional satisfiability instance, our method leverages
modern SAT solvers to construct logically correct, compact, and
interpretable Boolean models of given datasets. Unlike statistical
learners or heuristic rule induction algorithms, our approach
guarantees logical fidelity on the training data. Evaluations on
synthetic benchmarks and real-world datasets demonstrate that
it outperforms state-of-the-art rule-based algorithms as well as
a greedy NNF learning algorithm in terms of accuracy.

Index Terms—Classification, Rule learning, SAT solving

I. INTRODUCTION

We introduce an exact SAT-based approach for learning
negation normal form (NNF) networks based on training
data given as truth tables. The motivation for training NNF
networks to solve classification problems lies in the realization
that the alternating layers of conjunctive and disjunctive nodes
may be interpreted as deeply structured propositional rule sets.
The ability to learn such deep structures distinguishes our work
from common rule learning algorithms such as the traditional
RIPPER and more modern algorithms such as CORELS [1]
or LORD [2], which are only able to learn flat expressions in
disjunctive normal form (DNF).

Our method formulates the learning problem as propo-
sitional formulas, leveraging the remarkable advancements
in modern SAT solving [3]. The central idea is to define
a network template that consists of alternating conjunctive
and disjunctive layers with Boolean weights on the edges to
determine whether a connection is active or inactive, analogous
to neural networks. We then express its behavior symbolically
and use a SAT solver to learn the corresponding weights of
the network. This allows us to find deep rule sets that exactly
encode a dataset within the bounds of a given structure (if such
a representation exists). Our results show that SAT solvers
can be effectively harnessed for constructing logical structures
from data. This opens new possibilities for combining sym-
bolic reasoning with data-driven learning, and contributes to
the broader goal of interpretable and verifiable Al systems [4].
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II. RELATED WORK

The idea of encoding rule learning problems as satisfiability
problems has been considered, e.g., for rule sets and decision
lists [5], as well as for decision trees [6]. Similarly, other
discrete optimization algorithms, such as (mixed) integer linear
programming, have been employed. For example, [7] and [8]
optimized an integer programming approach for rule learning
using column generation, which addresses the problem that the
number of possible candidate rules that need to be evaluated is
exponential in the number of input features. In [1], a custom
discrete optimization algorithm is proposed that can find exact
loss minimizing rule lists. However, all these works are limited
to learning flat rule sets or decision lists.

To our knowledge, this is the first method that explicitly
targets exact NNF synthesis using satisfiability encodings,
offering a principled approach to logic learning that aligns
with the goals of knowledge compilation and symbolic Al
It is most similar to [9], which also aimed at learning a
layered representation of Boolean networks with alternating
conjunctive and disjunctive layers, drawing inspiration from
analogy to deep neural networks: flat NNFs (in particular
DNFs) can, in principle, represent every Boolean function, in
the same way as shallow neural networks with a single hidden
layer can represent an arbitrary continuous function by the
universal approximation theorem [10]. However, deep neural
networks are usually easier to train and often yield better
performance, presumably because they require exponentially
fewer parameters than shallow networks [11]. The authors
investigated a stochastic hill-climbing algorithm for optimizing
the weights in an NNF network (which they call a deep rule
network), and demonstrated its potential on both artificial
and real-world datasets. Consequently, we use this greedy
algorithm as a baseline for this work.

III. NEGATION NORMAL FORM NETWORKS

Propositional formulas and their semantics are defined as
usual. Formulas in negation normal form (NNF) [12] only use
conjunctions and disjunctions as binary connectives. Negation
is only allowed in front of atoms. A NNF is called positive if
it does not contain any negation symbols.



Example 1. The following formula is a positive NNF:
(aVb)A(cVd)A(eV(fAg)) ()

Special forms of NNFs are fomulas in conjunctive normal
form (CNF), i.e., conjunctions of disjunctions of literals (a
variable or a negated variable) and formulas in disjunctive
normal form, i.e., disjunctions of conjunctions of literals.

Given a training dataset of examples, we will use propo-
sitional logic to automatically find classification rules that
classify unseen instances. We assume a tabular training dataset
D = {x1,...,Xn}, where each example x; consists of d
Boolean values x; 1, ...,X; 4. If x; ; = 1, then feature f; =1
and if x;; = 0, then f; = 0 for x;. We may view D as
the binary matrix D = (x; ;) € {0,1}"*4. Each row of D
corresponds to one example and each column corresponds to
the values of one feature. The training data is labeled, that
is, there is a n-dimensional vector y € {0,1}" that assigns a
Boolean value y; to each example x;. Example x; is called
positive if y; = 1, and negative if y; = 0.

Example 2. Consider a collaborative task whose success
depends on the involvement of seven contributors A, ..., G.
Feature a is true if person A contributed to the task, feature b
is true if person B contributed and so on. The label y
indicates if the task is successfully solved or not. The following
table shows two positive and two negative examples for this
classification problem.

Example | a b ¢ d e f gy
X1 11 1 1 1 1 1]1
Xo 1 0 1 0 o0 1 1]1
X3 0 0 0 0 0 I 0]0
X4 1 0 I 0 0 0 10

In the classification problem above, we have seven features,
hence we get up to 27 = 128 instances. A subset of these
are used as training data for the task of training a so-called
NNF network (see below), so that the output of the network
is consistent with the training data and generalizes on unseen
data as well as possible.

In analogy to neural networks, we assume that the network
structure is fixed and that only the binary weights have
to be optimized. We consider networks with a structure in
the style of propositional formulas in NNF resulting in the
following definition. An NNF network consists of multiple /ay-
ers (L) ... LMD with sizes d(©), ... d"*1), respectively,
where

o LO =0 10 1©, . 189) is the 2d-dimensional
input layer consisting of the features and their negations
o h hidden layers LY, ... L") with varying dimensions
d®, . .dh;
o LU"*1D is the 1-dimensional output layer, i.e., d*T1 =1
corresponding to label y
The network encodes a Boolean function over the features and

negated features, which are interpreted as Boolean variables. In
other words, the input layer receives the features and negated

Fig. 1: A fully connected positive NNF network. The edges are
binary weights, where wj(l}C connects node lj(l’l) and l;el). Its
input is a binary feature vector x at the bottom, the activation
is propagated forward via all edges with weights w% =1
over disjunctive (circles) or conjunctive (squares) nodes to the
final output y.

features of an example x as input, and the output layer is a
single node that predicts the binary label y of x.

An NNF network requires the layers to alternate be-
tween conjunctions and disjunctions. We typically assume that
all nodes in odd-numbered layers L"), L®) ... are logical
ANDs, whereas the even-numbered layers L), L) . con-
sist of ORs.

Moreover, we use a fully connected network, that is, each
node in layer L() is connected to all nodes in layer L(~—1).
Each connection represents a binary weight wj(l%, encoding
whether node lj(l’l) in the previous layer [ — 1 is relevant

for the connected node l,(cl) in layer . Thus, W) = (w%)
is a d=1) x d-dimensional Boolean matrix. Once suitable
weights have been found, the resulting NNF expression can
be obtained by removing all connections with weight 0.

Figure 1 shows an example of a (positive) NNF network
with d = 7 binary features as input, 2 = 2 hidden layers with
m = 6 nodes each, and a single output node. This structure
uses a total of 7-64+6-6 46 -1 = 84 weights. It could be
trained to learn the NNF expression of Example /.

IV. LEARNING NNF NETWORKS WITH SAT

Given a Boolean data matrix D = (x;5),,,.4» We present a
SAT encoding for the problem of learning an NNF network
that returns the desired output y; for each training example
x;. For this, we use a set of constraints defined over Boolean
activation values aq(;f%, which specify whether the k-th node
in layer [ is activated for example x;. This allows us to
model the problem of learning an NNF with hidden layer sizes
dM, ... d™ by the following SAT problem:

o Given the labeled data



= Xij,Yi 1<i<n,1<5<d)
« For every layer [, find Boolean values

- wl) 1<j<dD 1<k <d)
such that the following constraints are satisfied:

o Input Activation: the activation of an input feature x; ;
has to be propagated to all nodes in the first (conjunctive)
layer for which the weight wj(l,g = 1. Hence, we get
wﬂ — x;,; for every input feature. That is, if the weight
w(l,g is 1, then x; ; is activated in az(.lk), and if the weight
wgig is 0, then the formula collapses’ just to T. The case
of negated input features is analogous. Formally,

d 2d
ag)lk) = /\(wgl,z — X)) A /\ (wgllz — X i—q) (2)
j=1 j=d+1

The second conjunction can be ignored in case of learning
positive NNFs.

o Disjunctive Activation: for a disjunctive layer [/, each node
k must be activated for example x; if at least one of
the nodes j in the conjunctive layer [ — 1 for which the
connection is enabled (wj% = 1) is activated. Formally,

4-1
O=\ @ adh) 3)

if liseven (2 <1 <h).

o Conjunctive Activation: for a conjunctive layer, each node
k must be activated for example x; if all nodes j in the
disjunctive layer [ —1 for which the connection is enabled
(w](l}€ = 1) are activated. Formally,

ah = N () —alsY) (@)

if [ is odd (2 <1 < h).

o Output Activation: the output activation of the network
for example x; must correspond to its label y; in the
training data. Depending on whether the output node is
conjunctive or disjunctive, this results in

4

Y = /\ (wj(.thl) — aEZ)) if A +1 is odd, or
j=1
4

Y = \/ (u;j(,hﬂ) A ag;.)) if h 41 is even.
j=1

S

Example 3. To learn a multi-layered positive NNF of our
running example using the structure of Figure 1, the following
propositional formula is generated:

1) We show the encoding of the input activation with-
out negation for the four examples of the table in
Example 2. For the first layer, we assume size six
(1 < k < 6). Constant values of the features are

Fig. 2: Example of an NNF networks trained on the complete
truth table for the Boolean function (aVb)A(cVd)AleV(fAg)]
by our SAT-based method. We only depict non-zero weights
and nodes with at least one non-zero input. Weights of nodes
that do not influence the output expression are dashed.

already eliminated, e.g., (0 V —w) simplifies to —w.

5111 =1 example x1
agl)c = (ﬁwéllz A —\wfj,)c N ﬁwélli) example x5

i 1 1 1
a‘%% _ (ﬁwé’% o (A;wé’% (A;wé"z{ >
i i 1 1 1
4k = (ﬁwQ,k N =y o AWy A ﬁwG,k)
2) For a disjunctive layer of size six (1 < k < 6), we get:

6
2 2 1
affl =\ (wiil nall)
j=1
3) The output activation is conjunctive. For i € {1,2}
(examples 1,2) and m € {3,4} (examples 3, 4) we get

1=

~.

6
3 2 3 2
WP o) 0= Aw® > a?)
1 j=1

J

Solving the SAT problem results in settings for all binary
weights wj(l}C which can be decoded into an NNF that holds for
all positive and no negative training examples. Figure 2 shows
a possible solution that is automatically found by a SAT solver.

V. EXPERIMENTAL EVALUATION

The goal of our experiments is two-fold. Firstly, we want
to compare the performance of our exact algorithm to the
performance of a greedy algorithm for learning NNF networks.
To this end, we follow [9] and evaluate the results for three
types of NNFs with varying depths, comparing those learned
with our SAT-based approach (SAT) to their stochastic hill-
climbing search (SHS):

NNF(1): A shallow network with a single hidden layer of
dimension 20, which effectively learns a DNF expression.

NNF(3): A deep network with three hidden layers of dimen-
sions 32, 8, 2, respectively.

NNF(5): A deep network with five hidden layers of dimen-
sions 32, 16, 8, 4, 2, respectively.

Secondly, we want to compare the performance of our SAT-

based approach to the state-of-the-art rule learning algorithm

RIPPER [13] and the decision tree learner CART [14]. Since



Fig. 3: Results of networks with depth 1, 3, and 5, optized by SAT or stochastic hill-climbing, as well as the benchmark
algorithms RIPPER and CART on the 20 artificial and 7 UCI datasets.

(a) Average Accuracies and Average Ranks

(b) Error Rate Comparison of NNF(1)

1

NNF(5) NNF(3) NNE(1)
SAT SHS SAT SHS SAT SHS RIPPER CART +
Artificial Datasets § 01 £ X4 "

@ acc. | 0.9857 0.9467 | 0.9852 0.9502 | 0.9939 0.9386 | 0.9591 0.9644 Ei: N Ji

@ rank 2.7 5.9 2.7 6.05 1.45 7 4.3 4.4 g ex XXy

UCI Datasets g v .
N

@ acc. | 0.9682 0.9229 | 0.9722 09190 | 0.9807 0.9153 | 0.9290 0.9289 AT vs RIPPER -+
@ rank | 4.1429 4.4286 | 3.1429 5.7143 | 2.1429 5.8571 | 5.5714 4.2857 0.001 SAT vs CART >

these algorithms essentially learn DNFs, we compare them to
our SAT-based algorithm on the shallow network NNF(1).

To evaluate our SAT-based approach, we use, on the one
hand, the 20 artificially generated datasets from [9], and on
the other hand seven datasets from the UCI Repository [15]
(car-evalaution, kr-vs-kp, monk- 1, monk-2, mushroom, tic-tac-
toe, vote). We match the experimental setup of [9], so that our
results are directly comparable. In particular, we also used a
stratified 10-fold cross-validation for estimating accuracies.

All experiments were run with a timeout of 72 hours
on a cluster of dual-socket AMD EPYC 7313 @ 3.7GHz
machines running Ubuntu 24.04 with a 64 GB memory limit
per computation. To solve the resulting SAT problems, we
use the SAT solver CADICAL [16], which we interface via
the PYSAT toolkit [17].

a) Accuracy: The results are summarized in Figure 3. To
the left, Table 3a shows the average accuracies of all tested
algorithms over the artificial and UCI datasets. It can be seen
that our SAT-based encoding outperforms the stochastic search
in terms of average accuracy on both the artificial and UCI
datasets. This is also confirmed by the results in terms of
average rank, which show the rank (1-8) of each of the eight
algorithms averaged over all datasets.

Interestingly, the flat networks NNF(1) outperform the
deeper networks, as well as the benchmark algorithms RIPPER
and CART. The latter can also be seen from Figure 3b on the
right, which shows the logarithmic error rates of RIPPER and
CART relative to those of NNF(1) on the artificial datasets.
The superior performance of NNF(1) somewhat contradicts the
findings of [9], who argued that deeper structures should work
better on these datasets. We suspect that this is caused by the
fact that our approach finds an exact fit of the model to the
training data. This increases the risk of overfitting, in particular
for the deeper structures which have a considerably higher
number of parameters.

b) Memory and Run-time: On average, for the artifi-
cial datasets, performing the full 10-fold cross validation
for the flat network NNF(1) required around 550 megabytes
of memory and took about 2 minutes, whereas for NNF(5)
these numbers increased to 1.7 gigabytes and 17 minutes,

0.001 0.01 0.1 1

Error rate SAT

respectively. The SAT problems associated with these datasets
also grew in complexity with the network depth: for NNF(1),
the SAT encoding consisted of around 1.3 million clauses
in 440 thousand variables, while for NNF(5) it increased to
4 million clauses in 1.3 million variables. The number of
variables that need to be processed by the SAT solver grows
as O(n - m? - h), where n is the number of examples, m is
the maximum number of nodes in a hidden layer, and h is the
number of hidden layers. For example, training the NNF(5)
network for our largest dataset mushroom, which consists
of more than 8100 examples with 116 features, required
solving a SAT problem with more than 180 million clauses
in almost 62 million variables. This makes our method slower
than the greedy algorithms we have considered, like RIPPER,
CART, and SHS. To overcome this scalability obstacle, we
suggest computing optimal local modifications, according to
the principle of Local Improvement Based on SAT (SLIM).
This approach has already been highly successful in decision
tree induction and Bayesian network learning [6], [18].

VI. CONCLUSIONS AND FUTURE WORK

We proposed a SAT-based method for learning negation nor-
mal form (NNF) networks with Boolean weighted connections
directly from input-output data and have connected it to recent
work in deep rule learning. In particular, we have shown that
an exact solution for the problem — within the bounds of
the given network structure — can be obtained by encoding
it as a satisfiability problem. Experimental results showed
that our exact approach outperforms previous work in deep
rule learning that used a stochastic optimization algorithm
in terms of accuracy. Moreover, we showed that our SAT-
based approach on a flat network outperforms state-of-the-art
rule-based learning algorithms RIPPER and CART. Our results
indicate that SAT-based learning can serve as a powerful
tool in the synthesis of compact, interpretable, and verifiable
networks opening many directions for future work.

While the presented approach is promising in terms of
accuracy, efficiency needs to be improved. So far, we did
not implement any optimizations which we leave to future
work. Further, we want to develop approaches beyond NNF



and exploit less restricted structures. We also plan to leverage
the power of modern incremental SAT solvers for iteratively
refining the learned network.
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