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“The Moore-Penrose inverse is unique”

Def.: A matrix B is Moore-Penrose inverse of a matrix A if

ABA = A, BAB = B, B∗A∗ = AB, A∗B∗ = BA

Claim If B and C satisfy these identities, then B = C.

Proof

Using our software package operator_gb. . .
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r∧
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Noncommutative polynomials

Noncom. polynomial f = c1 ·w1 + · · ·+ cd ·wd

∈ Z⟨X⟩

Example 2xy+ yx− 2xzx+ 4

∈ Z⟨x,y, z⟩

Arithmetic operations

Addition = like in the commutative case

(xy− z) + (yx+ 2z) = xy+ yx+ z 1234

Multiplication = concatenation of words

(xy− z) · (yx+ 2z) = xyyx+ 2xyz− zyx− 2zz 12345678
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Consequences

Definition A nonempty set I ⊆ Z⟨X⟩ is a (two-sided) ideal if

1. f,g ∈ I ⇒ f+ g ∈ I
2. f ∈ I, p,q ∈ Z⟨X⟩ ⇒ p · f · q ∈ I

The smallest ideal containing f1, . . . , fr is denoted by I = (f1, . . . , fr).

f is consequence of f1, . . . , fr ⇐⇒ f ∈ (f1, . . . , fr)

Ideal membership problem f
?
∈ (f1, . . . , fr) is only semi-decidable.

• f ∈ (f1, . . . , fr) can always be verified in finite time

• in this case, we can compute pi,qi ∈ Z⟨X⟩ : f =
∑

i pi · fi · qi

• if f ̸∈ (f1, . . . , fr), we might run into an infinite computation
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3. distributivity 4.∗ we also allow partial operations
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Semi decision procedure

Quasi-identities
(Helton, Stankus, Wavrik ’98, Schmitz, Levandovskyy ’20, Raab, Regensburger, Hossein Poor ’21)

m∧
i=1

Pi = Qi ⇒ S = T iff s− t ∈
(
p1 − q1, . . . ,pm − qm

)

13



Semi decision procedure

General operator statements

(Helton, Stankus, Wavrik ’98, Schmitz, Levandovskyy ’20, Raab, Regensburger, Hossein Poor ’21)

verifiable using
computer algebra

3
Universal
statement
∀X : φ

Idealisation

Instantiations

...

Operator
statement

ψ

finitely many
ideal memberships

in Z⟨X⟩
Ë

é

CNF Ac
ke

rm
an

n

red
uc

tio
n

Theorem (H., Raab, Regensburger ’22)

An operator statement is universally true iff this procedure terminates
and returns Ë.
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A common problem
Theorem A,B matrices such that AB exists.

B†(ABB†)† = (A†AB)†A† = B†A† ⇒ (AB)† = B†A†

Correctness of this theorem translates into

(ab)† − b†a† ∈ (f1, . . . , f44)Proof

. . .− (ab)†abb†f7(ab)†b(a†ab)†b(a†ab)†(abb†)†

− (ab)†abb†f5b(a†ab)†b(a†ab)†(abb†)†

− (ab)†af22a†ab(a†ab)†(abb†)† + . . .

Syzygies
+
LPAnother proof

(ab)† − b†a† = f21 − f10 + b†f14 − f12(ab)† − b†(abb†)†f11 + b†(abb†)†f15

+ (a†ab)†a†f9(ab)† − b∗f23((ab)†)∗(ab)† − f21ab(ab)† + f22ab(ab)†

− f39(a†)∗((ab)†)∗(ab)† + b†(abb†)†((abb†)†)∗(b†)∗f31 − b†f14d∗b∗(a†)∗

+ (a†ab)†a†abf12(ab)† − b†(abb†)†f15((ab)†)∗b∗(a†)∗

+ f20b∗(a†)∗((ab)†)∗(ab)† + (a†ab)†a†abb∗f23((ab)†)∗(ab)†

17
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What about false statements?

∀A,B,X, Y : (AX = 1 ∧ BY = 1) ⇒ ABXY = 1

A =

(
1 1

0 1

)
B =

(
0 1

1 1

)
X =

(
1 −1

0 1

)
Y =

(
−1 1

1 0

)

Does this always work? – No.

Will a better method always work? – No.

Does this work often enough? – Seems so.

18



The Sock-Shoe-Principle

(AB)−1 = B−1A−1
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Satisfiability of polynomial system

Given f1, . . . , fr ∈ Z[x1, . . . , xn]
Compute a common root of f1, . . . , fr over Q

Idea Compute root over

Z2 Z4 Z8
. . . Z2N Q

Reading each xi as a boolean variable, · as ∧, and + as XOR, the
problem becomes a prop. formula. Use SAT solver to compute solution.

Prop. formula
(x∨ ¬y)∧ (¬x∨ y) 3

SAT solver

Ë

é

Given a root over Z2n , we can lift it to a root over Z2n+1 by linear
algebra (Hensel lifting).

Once we have a root over Z2N with N large enough, we can perform
rational reconstruction to recover a root over Q.
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Counterexamples in practice

= =⊆ ?

sage: from operator_gb import *

sage: F.<a,b,c,...> = FreeAlgebra(QQ)

sage: assumptions = [a*b*a - a,...]

sage: claim = abc_dag - c_dag*b_dag*a_dag

sage: counterexample(assumptions, claim)

A =

(
0 0
1 0

)
B =

(
0 1
1 −1

)
C =

(
0 1
0 0

)

A† =

(
0 1
0 0

)
B† =

(
1 1
1 0

)
C† =

(
0 0
1 0

)
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A =

(
0 0
1 0

)
B =

(
0 1
1 −1

)
C =

(
0 1
0 0

)

A† =

(
0 1
0 0

)
B† =

(
1 1
1 0

)
C† =

(
0 0
1 0

)
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Noncommut.
Gröbner bases

software

operator_gb
(SageMath)

operator_gb
(SageMath)

MagmaMagma

NCPoly
(ApCoCoA)

NCPoly
(ApCoCoA)

Oscar
(Julia)

Oscar
(Julia)

Oscar
(Julia)

bergman
(Standard Lisp)

bergman
(Standard Lisp)

Letterplace
(Singular)

Letterplace
(Singular)

GBNP (GAP)GBNP (GAP)

Opal (C++)Opal (C++)

Macaulay2Macaulay2

NCAlgebra
(Mathematica)

NCAlgebra
(Mathematica)

f4ncgb (C++)
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Example Letterplace Macaulay2
f4ncgb

1 core 4 cores 16 cores

4nilp5s-10 1282 875 150 79 63

braid3-16 18 953 14 291 105 34 18

braidX-18 >43 200 >43 200 1977 601 260

braidXY-12 1847 18 887 62 52 52

holt_G3562h-17 >43 200 >43 200 25 021 12 671 6824

lascala_neuh-13 171 37 9 5 4

lp1-15 24 166 33 923 266 179 155

lv2d10-100 >43 200 24 930 48 27 47

malle_G12h-100 4142 163 89 74 73

233487

(Timings in sec)
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https://gitlab.sai.jku.at/f4ncgb/f4ncgb
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Algebraic First-Order Theorem Proving
=

Proving statements about linear operators
with computer algebra

Linear operators → noncommutative polynomials in free algebra1234567

Operator statement → ideal membership f
?
∈ I

Proof → explicit linear combination

We can also. . .

. . . compute short(est) proofs of true statements.

. . . compute counterexamples for false statements.
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