
First-order theorem proving
for operator statements

Clemens Hofstadler

joint work with Georg Regensburger and Clemens G. Raab
Vienna, 28 November 2024

Institute for Symbolic Artificial Intelligence, JKU Linz, Austria







Theory
• Consider linear operators

as algebraic expressions

• Correctness of first-order
operator statements⇐⇒
correctness of
algebraic statement

• Semi-decision procedure→ Every true statement
can be proven

Software
• SageMath package

operator_gb∗

• Efficient open-source
implementation

• Produces proofs

• Dedicated methods for
proving operator statements

∗available at https://github.com/
ClemensHofstadler/operator_gb

Automated proofs of operator statements

3

https://github.com/ClemensHofstadler/operator_gb
https://github.com/ClemensHofstadler/operator_gb


Theory
• Consider linear operators

as algebraic expressions

• Correctness of first-order
operator statements⇐⇒
correctness of
algebraic statement

• Semi-decision procedure→ Every true statement
can be proven

Software
• SageMath package

operator_gb∗

• Efficient open-source
implementation

• Produces proofs

• Dedicated methods for
proving operator statements

∗available at https://github.com/
ClemensHofstadler/operator_gb

Automated proofs of operator statements

3

https://github.com/ClemensHofstadler/operator_gb
https://github.com/ClemensHofstadler/operator_gb


Theory
• Consider linear operators

as algebraic expressions

• Correctness of first-order
operator statements⇐⇒
correctness of
algebraic statement

• Semi-decision procedure→ Every true statement
can be proven

Software
• SageMath package

operator_gb∗

• Efficient open-source
implementation

• Produces proofs

• Dedicated methods for
proving operator statements

∗available at https://github.com/
ClemensHofstadler/operator_gb

Automated proofs of operator statements

3

https://github.com/ClemensHofstadler/operator_gb
https://github.com/ClemensHofstadler/operator_gb


“The Moore-Penrose inverse is unique”

Def.: A matrix B is a Moore-Penrose inverse of a matrix A if

ABA = A, BAB = B, B∗A∗ = AB, A∗B∗ = BA

Claim If B and C satisfy these identities, then B = C.

Proof

Using our software package operator_gb. . .
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Proof
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B = BAB = BACAB = . . . = C

A different point of view

L = R ⇐⇒ L− R = 0

B = . . . = C ⇐⇒ ?

Theorem (Helton, Stankus, Wavrik ’98, Schmitz, Levandovskyy ’20, Raab, Regensburger, Hossein Poor ’21)

r∧
i=1

Ai = Bi ⇒ S = T iff s− t ∈
(
a1 − b1, . . . ,ar − br

)
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A bit of algebra. . .

We all know (and love) polynomials, like

3xy− 2x2z+ 4 ∈ Z[x,y, z].

Wish Model matrix identities using polynomials

Problem We want to model noncommutative objects

Solution Make our polynomials noncommutative

; Replace (commutative) monomials by (noncommutative) words.

Noncom. polynomial f = c1 ·w1 + · · ·+ cd ·wd ∈ Z⟨X⟩

Example: 2xy+ yx− 2xzx+ 4 ∈ Z⟨x,y, z⟩

Multiplication = Concatenation of words

(xy− 1) · (yx+ 2) = xyyx+ 2xy− yx− 2 1234
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A bit of algebra. . .

For expressing consequences of certain identities/polynomials, we need. . .

Definition A set I ⊆ Z⟨X⟩ is called an ideal if

1. f,g ∈ I ⇒ f+ g ∈ I
2. f ∈ I, p,q ∈ Z⟨X⟩ ⇒ p · f · q ∈ I

The smallest ideal containing f1, . . . , fr is denoted by

I = (f1, . . . , fr)

and {f1, . . . , fr} is called a basis for I.

Fact: f ∈ (f1, . . . , fr) ⇐⇒ ∃ pi,j,qi,j : f =
∑

i,j pi,j · fi · qi,j

If such a proof exists, it can be computed using noncom. Gröbner bases.
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A bit of algebra. . .

Example: For I = (ax− 1,by− 1) ⊆ Z⟨a,b, x,y⟩ we have

• abyx− 1 ∈ I, because abyx− 1 = a(by− 1)x + (ax− 1)

• abxy− 1 ̸∈ I, because of reasons beyond this talk

Facts

• Ideal membership problem f
?
∈ (f1, . . . , fr) is only semi-decidable

◦ f ∈ (f1, . . . , fr) can always be verified in finite time
◦ in this case, we can also compute a certificate
◦ if f ̸∈ (f1, . . . , fr), we might run into an infinite computation
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Operator statements

Operators

• 0,A,B,C, . . . • S+ T , S · T , f(T1, . . . , Tn)

Linearity

1. + forms an abelian group

2. · is associative, i.e., (S · T) ·U = S · (T ·U)

3. distributivity, i.e., S · (T +U) = S · T + S ·U and (S+ T) ·U = S ·U+ T ·U

4.∗ we also allow partial operations (i.e., many-sorted variables)
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Operator statements
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Fact: Determining universal truth is not decidable
Best we can hope for: semi-decision procedure
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Determining universal truth

Quasi-identities
(Helton, Stankus, Wavrik ’98, Schmitz, Levandovskyy ’20, Raab, Regensburger, Hossein Poor ’21)

∀X :

m∧
i=1

Pi = Qi ⇒ S = T iff s− t ∈
(
p1 − q1, . . . ,pm − qm

)
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Determining universal truth

Universal statements

(Helton, Stankus, Wavrik ’98, Schmitz, Levandovskyy ’20, Raab, Regensburger, Hossein Poor ’21)

verifiable using
computer algebra

3
Universal
statement
∀X : φ

Idealisation

Instantiations

...

Operator
statement

ψ

finitely many
ideal memberships

in Z⟨X⟩
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é

CNF Ac
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rm
an
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red
uc

tio
n

Theorem (H., Raab, Regensburger ’22)

A universal statement is universally true iff its idealisation is true
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“Every matrix has a Moore-Penrose inverse”

Fact: A matrix ⇒ ∃P,Q : PA∗A = A and AA∗Q = A

Claim ∃X : (PA∗A = A ∧ AA∗Q = A) ⇒ mp(A,X)

Strategy

1. Derive explicit expression for X

2. Plug in the explicit expression ; removes existential quantifier

3. Prove remaining statement like before

Proof Using our software package operator_gb. . .
sage: assumptions = [p*a_adj*a - a,...]
sage: I = NCIdeal(assumptions + pinv(a,x))
sage: I.find_equivalent_expression(x)

[x - a_adj*q*x, x - a_adj*p*x,
x - a_adj*q*p_adj, x - a_adj*x_adj*x]

⇒ X = A∗QP∗ is MP-inverse of A
(can be certified using the software)
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Existential statements

In the previous example, we found a suitable polynomial expression.

Question Was this just luck?

Answer No! – Herbrand’s theorem (Herbrand ’30)

Such expressions always exist and the possible candidates are enumerable.

• Enumerating all possible expressions is hopeless

• Requires good heuristics → provided by computer algebra

• Several heuristics implemented in operator_gb
(ansatz, variable elimination, Gröbner basis techniques,. . . )
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Determining universal truth

Universal statements

(Helton, Stankus, Wavrik ’98, Schmitz, Levandovskyy ’20, Raab, Regensburger, Hossein Poor ’21)

verifiable using
computer algebra

3
Universal
statement
∀X : φ

Idealisation

Instantiations

...

Operator
statement

ψ

finitely many
ideal memberships

in Z⟨X⟩
Ë

é

CNF Ac
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rm
an

n

red
uc
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n

Theorem (H., Raab, Regensburger ’22)

A universal statement is universally true iff its idealisation is true
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Applications

• Handbook of Lin. Algebra (20 Ë/ 6 Ë/ 4 é) (Bernauer, H., Regensburger ’23)

◦ each proof takes < 1 second
◦ proofs consist of up to 226 polynomials

• Recent results in operator theory
◦ they: We use [. . . ] decompositions of Hilbert spaces
◦ we: purely algebraic proofs ⇒ our proofs generalise results

• New results (Cvetković-Ilić, H., Hossein Poor, Milošević, Raab, Regensburger ’21)

◦ software used to find minimal assumptions

• Homological algebra ker(a) ker(b) ker(c)

A B C 0

0 A ′ B ′ C ′

coker(a) coker(b) coker(c)

f g

f ′ g ′

a b c
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Computing short proofs
Theorem (Djordjević, Dinčić ’09) A,B matrices such that AB exists.

B†(ABB†)† = (A†AB)†A† = B†A† ⇒ (AB)† = B†A†

Correctness of this theorem translates into (ab)† − b†a† ∈ (f1, . . . , f44)

Proof

. . .− (ab)†abb†f7(ab)†b(a†ab)†b(a†ab)†(abb†)†

− (ab)†abb†f5b(a†ab)†b(a†ab)†(abb†)†

− (ab)†af22a†ab(a†ab)†(abb†)† + . . .

sig-GB
+
LP

Another proof
(ab)† − b†a† = f21 − f10 + b†f14 − f12(ab)† − b†(abb†)†f11 + b†(abb†)†f15

+ (a†ab)†a†f9(ab)† − b∗f23((ab)†)∗(ab)† − f21ab(ab)† + f22ab(ab)†

− f39(a†)∗((ab)†)∗(ab)† + b†(abb†)†((abb†)†)∗(b†)∗f31 − b†f14d∗b∗(a†)∗

+ (a†ab)†a†abf12(ab)† − b†(abb†)†f15((ab)†)∗b∗(a†)∗

+ f20b∗(a†)∗((ab)†)∗(ab)† + (a†ab)†a†abb∗f23((ab)†)∗(ab)†
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What about false statements?

∀A,B,C : (A ̸= 0 ∧ AB = AC) ⇒ B = C

A =

(
a11 a12

a21 a22

)
B =

(
b11 b12

b21 b22

)
C =

(
c11 c12

c21 c22

)

SAT
+

Hensel lifting

Idea: make ansatz
with matrices
of fixed size

Does this always work? – No.

Will a better algorithm always work? – No.

Does this work often enough? – Don’t know yet.
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Conclusion

Summary

• Framework for proving first-order statements about linear operators

• Approach yields semi-decision procedure

• We can find minimal assumptions, short proofs, counterexamples,. . .

Outlook

• Use state-of-the-art techniques from theorem proving

• Include operator series, analytic properties, uncertainty,. . .

• Further applications
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