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516 Handbook of Linear Algebra

5.7 Pseudo-Inverse

Definitions:
A Moore—Penrose pseudo-inverse of a matrix A € C™*™ is a matrix A" € C"*™ that satisfies

the following four Penrose conditions:
aata=a; ataat=at; (Al =aah; (ata) = ata
Facts:

All the following facts except those with a specific reference can be found in [Gras3, pp.
105-141] or [RMT1, pp. 44-67).

1. Every A € C™" has a unique pseudo-inverse A'.
2. If A€ R™*", then A is real
3. If A € C™" of rank  has a full rank decomposition A = BC, where B € C™*" and
C € C™", then A can be evaluated using A’ = C*(B*AC*) 1 B*.
4. [LH95, p. 38] If A € C™*" of rank r < min{m,n} has an SVD A = USV", then its
pseudo-inverse is AT = VETU*, where
= diag(1/01,...,1/0,,0,...,0) € ™™,
5. [Higd6, p. 412] The pseudo-inverse A’ of A € F"*" (F = C or R) solves the mini-
mization problem
min_ [|AX — I,||%.
Dain
6. 0}, = Opm and Jf,, = ;3 Jum, Where 0, € C™™ is the all Os matrix and Jin €
€™ is the all 1s matrix.
7. Ifx#0, 0, then (xy*)f =~
#0y#0 then ()= ey e
8. If x # 0, then x =
# InP?
9. Let o be a scalar. Denote
of = ((x", if a#0,
0, if a=0.

Then
(a) (@A)t =atat
(b) (diag(B1, Ba. -+, 8,))" = diag(8], 8}, -+, B1)-
10. (Af)* = (4", (A1) = A,
11. If A is a nonsingular square matrix, then AT = A~1.
12. If U has orthonormal columns or orthonormal rows, then Ut = U*.
13. If A= A* and A= A2, then At = A,
14. AT = A° if and only if A*A is idempotent.
15. If A is normal and k is a positive integer, then AAT = ATA and (4%)1 = (AT)%.
16. If U € C™*™ is of rank n and satisfies UT = U*, then U has orthonormal columns.
17. If U € C™™ and V € C"*" are unitary matrices, then (UAV)! = V*=ATU".
18. Af = (A*A)TA* = A*(AA*)1. In particular,
(a) if A€ C™" (m > n) has full rank n, then A" = (4"4)"'A*;
(b) if A € C™*" (m < n) has full rank m, then AT = A*(44%)~1,
19. Let A € C™*". Then

)

w2

L (ATA)! = AT (A7) = (A7) AT
. [Gre66] Each one of the following conditions is necessary and sufficient for (AB)! =
i Al

. (Continuity of pseudo-inverse) Suppose that A € F™*" and E € F™", where F

8
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(a) ATA, AA!, I, — A'A, and I,, — AA' are orthogonal projections.
(b) rank(A) = rank(A') = rank(AA") = rank(A'4)

(c) rank(Z, — AT A) = n — rank(A).

(d) rank(l,, — AAT) = m — rank(A).

AAT = Projungea); ATA = Projuauge(an

. Suppose that A € F™*", where F = C or R. Then

() range(A) = range(4A") = range(4A").

) range(A') = range(A*) = range(A" A) = range(A' A).
) ker(4) = ker(A*A) = ker(AT4).

) ker(A') = ker(A*) = ker(AA*) = ker(AA).

)

)

TE=Z=

range(A'4) @ ker(A1A4) = ™.
range(AA") & ker(AAT) = Fm.

I A= A+ Ag+ oo+ Ay, ATA; =0, and 443 =0, forall i,j =1, k, i £ J,

then AT = Al + A} + .. + AL
If Ais an mxr matrix of rank r and B is an rxn matrix of rank r, then (AB)T = BT AT,

() range(BB" A*) C range(A") and range(A* AB) C range(B).
(b) ATABB* and A*ABB' are both Hermitian matrices.

(c) ATABB*A* = BB*A* and BB'A*AB = A" AB.

(d) ATABB*A*ABB! = BB*AA.

(e) A'AB = B(AB)'AB and BB'A* = A AB(AB)".

. (A® B)f = AT ® Bf, where ® denotes the Kronecker product.
- AT = lim A*(al + AA") ! = lim (ol + A" A) A",

- iA'([ FAA)T = i(” ATA)IA

CorR. Then Jim (A + E)' = A" if and only if there is € > 0 such that rank(A+ E)

rank(A) when ||E||; < e
Let A € C™*" be of rank r where 0 < r < min{m,n}. Suppose that A can be

partitioned as
An Arz
A f
[Az; An

where Ay; € C"™" and rank(Ay;) = r. Then

ALXAGL ALXA;

A= [A:.XA:‘ A:.XA;,],

where

X = (AnAf + Apd,) " An (A An + 45, Ay)




Theory

e Consider linear operators
as algebraic expressions

o Correctness of first-order
operator statements
—
correctness of
algebraic statement

e Semi-decision procedure
— Every true statement
can be proven



https://github.com/ClemensHofstadler/operator_gb
https://github.com/ClemensHofstadler/operator_gb

Theory

e Consider linear operators
as algebraic expressions

o Correctness of first-order
operator statements
—
correctness of
algebraic statement

e Semi-decision procedure
— Every true statement
can be proven

Software

SAGEMATH package
operator_gb*

Efficient open-source
implementation

Produces proofs
Dedicated methods for

proving operator statements

*available at https://github.com/
ClemensHofstadler/operator _gb



https://github.com/ClemensHofstadler/operator_gb
https://github.com/ClemensHofstadler/operator_gb

Theory

e Consider linear operators
as algebraic expressions

o Correctness of first-order
operator statements
—
correctness of
algebraic statement

e Semi-decision procedure
— Every true statement
can be proven

Software

SAGEMATH package
operator_gb*

Efficient open-source
implementation

Produces proofs
Dedicated methods for

proving operator statements

*available at https://github.com/
ClemensHofstadler/operator _gb

[ Automated proofs of operator statements ]



https://github.com/ClemensHofstadler/operator_gb
https://github.com/ClemensHofstadler/operator_gb

“The Moore-Penrose inverse is unique”

Def.: A matrix B is a Moore-Penrose inverse of a matrix A if

ABA=A, BAB=B, B*A*=AB, A'B*=BA



“The Moore-Penrose inverse is unique”

Def.: A matrix B is a Moore-Penrose inverse of a matrix A if

ABA=A, BAB=B, B*A*=AB, A'B*=BA

If B and C satisfy these identities, then B = C.



“The Moore-Penrose inverse is unique”
Def.: A matrix B is a Moore-Penrose inverse of a matrix A if

ABA=A, BAB=B, B*A*=AB, A'B*=BA

If B and C satisfy these identities, then B = C.
B = BAB = BACAB = ... = C



“The Moore-Penrose inverse is unique”
Def.: A matrix B is a Moore-Penrose inverse of a matrix A if

ABA=A, BAB=B, B*A*=AB, A'B*=BA

If B and C satisfy these identities, then B = C.
B = BAB = BACAB = ... = C

A different point of view

L=R << L-R=0



“The Moore-Penrose inverse is unique”
Def.: A matrix B is a Moore-Penrose inverse of a matrix A if

ABA=A, BAB=B, B*A*=AB, A'B*=BA

If B and C satisfy these identities, then B = C.
B = BAB = BACAB = ... = C

A different point of view

L=R < [L-R



“The Moore-Penrose inverse is unique”
Def.: A matrix B is a Moore-Penrose inverse of a matrix A if

ABA—A, BAB-B, B*A*—AB, A'B*—BA

If B and C satisfy these identities, then B = C.
B = BAB = BACAB = ... = C

A different point of view

L=R < [L-R



A bit of algebra. ..

We all know (and love) polynomials, like

3xy —2xX%z+4 € ZIx,y,zl.



A bit of algebra. ..
We all know (and love) polynomials, like
3xy —2xX%z+4 € ZIx,y,zl.
Model matrix identities using polynomials



A bit of algebra. ..
We all know (and love) polynomials, like
3xy—2xzz+4 € Zlx,y,zl.

Model matrix identities using polynomials
We want to model noncommutative objects



A bit of algebra. ..

We all know (and love) polynomials, like

3xy — 2x%z+4 € ZIx,y,zl.
Model matrix identities using polynomials

We want to model noncommutative objects
Make our polynomials noncommutative

~> Replace (commutative) monomials by (noncommutative) words.



A bit of algebra. ..
We all know (and love) polynomials, like
3xy—2xzz+4 € Zlx,y,zl.

Model matrix identities using polynomials
We want to model noncommutative objects
Make our polynomials noncommutative

~> Replace (commutative) monomials by (noncommutative) words.

Noncom. polynomial f=c¢j-wj+---+cq-wqg € Z(X)



A bit of algebra. ..

We all know (and love) polynomials, like

3xy — 2x%z+4 € ZIx,y,zl.
Model matrix identities using polynomials
We want to model noncommutative objects
Make our polynomials noncommutative

~> Replace (commutative) monomials by (noncommutative) words.
Integers

Noncom. polynomial f:+-~wd € Z(X)



A bit of algebra. ..
We all know (and love) polynomials, like
3xy—2xzz+4 € Zlx,y,zl.

Model matrix identities using polynomials
We want to model noncommutative objects
Make our polynomials noncommutative

~> Replace (commutative) monomials by (noncommutative) words.
Integers

Noncom. polynomial f=~- € Z{X)

words over X ={x1,...,Xn}



A bit of algebra. ..

We all know (and love) polynomials, like

3xy — 2x%z+4 € ZIx,y,zl.
Model matrix identities using polynomials
We want to model noncommutative objects
Make our polynomials noncommutative

~> Replace (commutative) monomials by (noncommutative) words.

Integers
Noncom. polynomial :-- € Z(X)
words over X ={x1,...,Xn}

Example:  2xy +yx —2xzx +4 € Z{x,y,z)



A bit of algebra. ..

We all know (and love) polynomials, like
3xy —2xX%z+4 € ZIx,y,zl.
Model matrix identities using polynomials

We want to model noncommutative objects
Make our polynomials noncommutative

~> Replace (commutative) monomials by (noncommutative) words.

Integers
Noncom. polynomial :-- € Z(X)
words over X ={x1,...,Xn}

Example:  2xy +yx —2xzx+4 € Z(x,y,z)
Multiplication =  Concatenation of words

(xy—1)-(yx+2) = xyyx+2xy—yx—2
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A bit of algebra. ..

For expressing consequences of certain identities/polynomials, we need. ..

A set I C Z(X) is called an ideal if

1. f,gel = f+gel “deduction rules”
2. fel,p,qeZX) = p-f-qel

The smallest ideal containing fq,...,f, is denoted by

I=(fy,...,f)— theory”
and|{f7,..., f;}|is called a basis for L.

“axioms”
Fact: fe (f] yeeey fr) — 4 Pij> di,j - [f = Zi,j Pij - fi - qi,j]

If such a proof exists, it can be computed using noncom. Grdbner bases.

“proof/certificate”
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Using our software package operator_gb. ..

from operator_gb import *
assumptions = [a*bx*xa - a,...]
certify (assumptions, b - ¢)

b - ¢ = (-c + c*xaxc) + bxc_adj*(-a_adj + a_adj*b_adj*a_adj)
- b*axc*(-axb + b_adj*a_adj) - bx(-a + akc*a)*b
+ b*(-axc + c_adj*a_adj) - bx(-a*xc + c_adj*a_adj)+*b_adj*a_adj
- (-b + b*axb) + (-c*a + a_adj*c_adj)*b*axc
- (-a_adj + a_adj*c_adj*a_adj)*b_adj*c + c*(-a + axb*a)*c
- (-bxa + a_adj*b_adj)*c + a_adj*c_adj*(-b*a + a_adj*b_adj)x*c
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“The Moore-Penrose inverse is unique”

Def.: A matrix B is a Moore-Penrose inverse of a matrix A if

aba —a, bab — b, b*a* — ab, a*b* —ba

If B and C satisfy these identities, then B = C.
Using our software package operator_gb. ..

from operator_gb import *
assumptions = [a*bx*xa - a,...]
certify (assumptions, b - ¢)

b - ¢ = (-c + c*xaxc) + bxc_adj*(-a_adj + a_adj*b_adj*a_adj)
- b*axc*(-axb + b_adj*a_adj) - bx(-a + akc*a)*b
+ b*(-axc + c_adj*a_adj) - bx(-a*xc + c_adj*a_adj)+*b_adj*a_adj
- (-b + b*axb) + (-c*a + a_adj*c_adj)*b*axc
- (-a_adj + a_adj*c_adj*a_adj)*b_adj*c + c*(-a + axb*a)*c
- (-bxa + a_adj*b_adj)*c + a_adj*c_adj*(-b*a + a_adj*b_adj)x*c

Proof only relies on basic linearity properties

= Statement proven for matrices, (un)bounded operators, morphisms,. ..
10
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¢0,A,B,C,... e S+T, S T,MlTy,..., Tn)

1. + forms an abelian group
2. - is associative, i.e, (S-T)-U=S-(T-U)
3. distributivity, i, S- (T+U)=S-T+S-Uand (S+T)-U=S-U+T-U

4." we also allow partial operations (i.e., many-sorted variables)

S:Tv - o, ((P/\Ib), ((p\/-q))v ((p:>1b)v ElX(pa VX(P

An operator statement is universally true if it follows from
linearity.
Fact: Determining universal truth is not decidable

Best we can hope for: semi-decision procedure
11



Determining universal truth

Quasi-identities

(Helton, Stankus, Wavrik '98, Schmitz, Levandovskyy '20, Raab, Regensburger, Hossein Poor '21)

m
VX:/\P-I:Q-1 e iff s—t € (p1fq1,...,pm7qm)

i=1
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Theorem (H., Raab, Regensburger '22)

finitely many
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A universal statement is universally true iff its idealisation is true

12



Determining universal truth

Universal statements verifiable using

computer algebra

Universal finitely many
statement ideal memberships

vX: @ in )

Idealisation

Theorem (H., Raab, Regensburger '22)

A universal statement is universally true i{EERLEIEEIAT NSRS
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5.7 Pseudo-Inverse

Definitions:
A Moore—Penrose pseudo-inverse of a matrix A € C™*™ is a matrix A" € C"*™ that satisfies
the following four Penrose conditions:

aata=a; ataat=at; (Al =aah; (ata) = ata

Facts:
All the following facts except those with a specific reference can be found in [Gras3, pp.
105-141] or [RMT1, pp. 44-67).

Y. Every A € C™" has a unique pseudo-inverse Al.
9 If A€ R™", then Al is real
W If A € C™" of rank r has a full rank decomposition A = BC, where B € C"™*" and
C € C™", then A can be evaluated using A’ = C*(B*AC*) 1 B*.
& [LHO5, p. 38] If A € C™" of rank r < min{m,n} has an SVD A = ULV", then its
pseudo-inverse is AT = VETU*, where
= diag(1/01,...,1/0,,0,...,0) € R™™.
5. [Higd6, p. 412] The pseudo-inverse A’ of A € F"*" (F = C or R) solves the mini-
mization problem
min |[AX ~ L[}
Dain
8. 08, = O and Jf, =
C™ is the all 1s matri

VIEx#0,y#0, thcn(xyv)'

i Jm, where O € C™™ is the all Os matrix and Jun €

- [yl
W If x # 0, then x' = E
x
9. Let  be a scalar. Denote
of = ((x", ifa#0,
“ ', ifa=0.

Then
@ (@A)t =atat
(b) (diag(B1, Ba. -+, 8,))" = diag(8], 8}, -+, B1)-
W (AN = (47)'; (AN =4
. If A is a nonsingular square matrix, then AT = A~1.
12, If U has orthonormal columns or orthonormal rows, then U = U*.
1] If A= A* and A= A2, then AT = A,
M AT = A" if and only if A" A is idempotent.
15. If A is normal and k is a positive integer, then AAT = ATA and (4%)f = (A7)~
16 If U € C™*" is of rank n and satisfies UT = U*, then U has orthonormal columns.
W, If U € C™*™ and V € C"** are unitary matrices, then (UAV)! = V*ATU*.
1] AT = (A*A)TA* = A°(4A4")!. In particular,
(®) if A€ C™" (m > n) has full rank n, then A" = (4"4)"'A*;
(&) if A€ C™*" (m < n) has full rank m, then AT = A*(44%)~1,
19. Let A € C™*". Then
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(®) A'A, AAT, I, — A1A, and I,, — AA' are orthogonal projections.
(b) rank(A) = rank(A') = rank(AA") = rank(A'4)
(c) rank(Z, — AT A) = n — rank(A).
(d) rank(I,, — AAT) = m — rank(A).
20. AA' — Projinge(ay; ATA = Projange(ar)
21. Suppose that A € F™*", where F = C or R. Then
(a) range(A) = range(AA°) = range(AAT).
(b) range(AT) = range(A") = range(A" A) = range(A'A).
(@) ker(A) = ker(A*A) = ker(A1 A).
(@) ker(AM) = ker(A*) = ker(AA*) = ker(AA1).
) range(A'A) @ ker(ATA) = F".
) range(AA') & ker(AAT) = F™.
WA= A+ Ag+ -+ Ar, ALA;
then AT = Al + A} + .. + AL
83" If Ais an mxr matrix of rank r and B is an rxn matrix of rank r, then (AB)" = BfA'.
A (ATA) = AT(A"); (A4%)T = (47)TAT.
2. [;zj(f] Each one of the following conditions is necessary and sufficient for (AB)t =

RO}

0, and 4,47 =0, for all i,j = 1+, k, i # j,

(a) range(BB*A*) C range(A*) and range(A*AB) C range(B).
(#) ATABB* and A"ABB' are both Hermitian matrices.
(&) ATABB*A* = BB*A* and BB'A*AB = A" AB.
(@) ATABB*A*ABB' = BB*A*A.
(#) ATAB = B(AB)'AB and BB'A* = A"AB(AB)'.
9. (A® B)f = A ® BT, where ® denotes the Kronecker product.
27. Al = lim A"(al + AA")"! = lim(al + A4) A"

28, AT = iA'([ FAA)T = i(” ATA)IA

29. (Continuity of pseudo-inverse) Suppose that A € F™*" and E € F™*", where F'
CorR. Then Jim (A + E)' = A" if and only if there is € > 0 such that rank(A+ E)
rank(A) when ||E||; < e

390 Let A € C™*" be of rank r where 0 < r < min{m,n}. Suppose that A can be

partitioned as
An Arz
A ,
[Az; An

where Ay; € C"™" and rank(Ay;) = r. Then

. [A:.xA:_\ A:.XA;,] )
AL XA ALXA;

where

X = (AnAf + Apd,) " An (A An + 45, Ay)
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“Every matrix has a Moore-Penrose inverse”
Fact: A matrix = 3JP,Q : PA*A=A and AA*Q =A
IX: (PA*A=A AAA*Q=A) = mp(A,X)
Strategy
1. Derive explicit expression for X

2. Plug in the explicit expression ~» removes existential quantifier

3. Prove remaining statement like before

Using our software package operator_gb. ..

assumptions = [p*a_adj*a - a,...]
I = NCIdeal (assumptions + pinv(a,x))
I.find_equivalent_expression(x)

[x - a_adj*qg*x, x - a_adj*p*x,
x - a_adj*qg*p_adj, x - a_adj*x_adj*x]

= X =A*QP"* is MP-inverse of A

(can be certified using the software)
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Existential statements

In the previous example, we found a suitable polynomial expression.

Was this just luck?
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Was this just luck?

MOEYEd No! — Herbrand’s theorem (Herbrand '30)

Such expressions always exist and the possible candidates are enumerable.
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Existential statements

In the previous example, we found a suitable polynomial expression.

Was this just luck?

No! — Herbrand's theorem (Herbrand '30)
Such expressions always exist and the possible candidates are enumerable.
e Enumerating all possible expressions is hopeless

e Requires good heuristics — provided by computer algebra

e Several heuristics implemented in operator_gb
(ansatz, variable elimination, Grobner basis techniques,. . .)
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Determining universal truth

Universal statements

Universal
statement
vX: @

Theorem (H., Raab, Regensburger '22)

finitely many

3 4 ¥ ideal memberships — o
in Z(X)
Idealisation l,

A universal statement is universally true iff its idealisation is true
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General operator statements

&
&
e Loy
Universal finitely many
statement ideal memberships —» o
vX:@ in Z(X)
Idealisation l
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Determining universal truth

General operator statements

N
$E &
Y e S -
Operator ® Universal finitely many
statement — | ® 5 statement ideal memberships —) &/
¥ nstantiations VX : @ in Z(X)
Idealisation l

Theorem (H., Raab, Regensburger '22)

An operator statement is universally true iff the procedure terminates
and returns v

16
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5.7 Pseudo-Inverse

Definitions:
A Moore—Penrose pseudo-inverse of a matrix A € C™*™ is a matrix A" € C"*™ that satisfies
the following four Penrose conditions:

aata=a; ataat=at; (Al =aah; (ata) = ata

Facts:

All the following facts except those with a specific reference can be found in [Gras3, pp.
105-141] or [RMT1, pp. 44-67).

W Every A € C™" has a unique pseudo-inverse A'.

@ If A€ R™*", then AT is real

W If A € C™" of rank r has a full rank decomposition A = BC, where B € C"™*" and
C € C™", then A can be evaluated using A’ = C*(B*AC*) 1 B*.

& [LHO5, p. 38] If A € C™" of rank r < min{m,n} has an SVD A = ULV", then its
pseudo-inverse is AT = VETU*, where

= diag(1/01,...,1/0,,0,...,0) € ™™,

X [Hig96, p. 412] The pseudo-inverse A’ of A € F™*" (F = C or R) solves the mini-
mization problem
min_ [|AX — I,||%.
o lin

800, = 0 and Jf,,, = ;1 Jum, where O € C™*" is the all 0s matrix and Jynn €
Cm*™ s the all 1s matri

I IEX#0,y#0, thcn(xyv)'

- [yl
8 If x # 0, then x' = E
x
9. Let  be a scalar. Denote
of = ((x", ifa#0,
“ ', ifa=0.

Then
@ (@A)t =atat
0 (diag(Bu, Ao, -+, Bu))' = diag(B], 8}, -, BY)-
W (AN = (47)'; (AN =4
. If A is a nonsingular square matrix, then AT = A~1.
12, If U has orthonormal columns or orthonormal rows, then U = U*.
1] If A= A* and A= A2, then AT = A,
M AT = A" if and only if A" A is idempotent.
15. If A is normal and k is a positive integer, then AAT = ATA and (4%)f = (A7)~
16 If U € C™*" is of rank n and satisfies UT = U*, then U has orthonormal columns.
W, If U € C™*™ and V € C"** are unitary matrices, then (UAV)! = V*ATU*.
1] AT = (A*A)TA* = A°(4A4")!. In particular,
(®) if A€ C™" (m > n) has full rank n, then A" = (4"4)"'A*;
(&) if A€ C™*" (m < n) has full rank m, then AT = A*(44%)~1,
19. Let A € C™*". Then
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BE

BRR ¥

]

X X Xx
£

(@) A'A, AA!, I, — A'A, and I,, — AA! are orthogonal projections.

(¢ rank(A) = rank(A') = rank(AA") = rank(A'A)

0 rank(Z, — ATA) = n — rank(A).

O rank(l,, — AAT) = m — rank(A).

AAT = Projungea); ATA = Projuauge(an

Suppose that A € F™*", where F = C or R. Then

(#) range(A) = range(AA°) = range(AAT).

(p) range(AT) = range(A") = range(A" A) = range(A'A).

(@) ker(A) = ker(A*A) = ker(A' A).

(@) ker(A") = ker(A*) = ker(AA*) = ker(AA1).

(€) range(A1A) & ker(ATA) = F".

() range(AA") & ker(AAT) = ™.

I A=A+ Ay ++ A, AA; = 0, and AA7 =0, for all i,j = 1, k, i # j,
then AT = Al + A} + .. + AL

If Ais an mxr matrix of rank r and B is an rxn matrix of rank r, then (AB)T = BT AT,
(A7 A)T = Al(A")T; (A4°) = (47141,

[(ijgs@] Each one of the following conditions is necessary and sufficient for (AB)! =

(#) range(BB*A*) C range(A*) and range(A*AB) C range(B).
(#) ATABB* and A"ABB' are both Hermitian matrices.

(&) ATABB*A* = BB*A* and BBIA*AB = A" AB.

(@) ATABB*A*ABB' = BB*A*A.

(#) ATAB = B(AB)'AB and BB'A* = A"AB(AB)'.

(A® B) = A" @ B, where ® denotes the Kronecker product.
Al= lim A%(al + A4")"" = lim(al + 4°4) A"

- iA'([ FAA)T = i(” ATA)IA

(Continuity of pseudo-inverse) Suppose that A € F™*" and E € F™*", where F'
CorR. Then Jim (A + E)' = A" if and only if there is € > 0 such that rank(A+ E)
rank(A) when ||E||; < e

Let A € C™*" be of rank r where 0 < r < min{m,n}. Suppose that A can be

partitioned as
An Arz
A ,
[Az; An

where Ay; € C"™" and rank(Ay;) = r. Then

. [A:.xA:_\ A:.XA;,] )
AL XA ALXA;

where

X = (AnAf + Apd,) " An (A An + 45, Ay)
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1. Introduction

—
In this paper we exiend some results from [15] to infinite-dimensional settings. Among other things, we obtain the.
reverse order law for the Moore-Penrose inverse as a corollary. We use the matrix form of a linear bounded operator, and
ihis matrix fom i induced by some natural decompoitions f Hibert spces
the Introduction we fors wo auxiliary results. In Section 2 we present the results related to the
reverse oder e for the Moore.enros Invrse of Hlbert Space operaors wih cosed ange. The preset paper s the
extension of results from [15] to infinte-dimensional seftings.

2. Reverse order law

In this section we prove the results concerning the reverse order law for the Moore-Penrose inverse.

be Hilbert spaces, and let A € L (Y., 2), B € £(X, Y) be such that A, B, AB have closed ranges. Then the

following statements hald:

@ AB(AB)! = ABB'A' &> A*AB = BB'A*AB & R(A"AB) S R(B) & B'A' € (AB)(1,2,3);
] (AB) AB=BIATAB & ABB* = ABB*A'A & R(BB*A") € R(A") & B'AT ¢ (AB){1,2,4);
1 el samens e vl

1AT;

O Wt = A8 A and Ay A =slatas;
f A*AB = BBIA"AB and ABB" = ABB*AlA
97 R (K28 £ R(8)and R(B Ay £ ROA)

Proof. The operators 4 and B have the same matrix representations as in the previous theorem. The following products
will be useful:

A1By 0O it By' 0 AT By'A}D' 0
an=[A0 ] amt [ W8 ] wa[B0T 0]

>

First, we find the equivalent expressions for our statements in terms of Ay, A2 and By

.. Do, K. Dicit/ . Math. Ana Appl. 361 (2010)252-261 257

@) 1 AB(AB)! = ABB'AT & A1B1(A1B1)' = A1ATD . Here AiB1(A1By)' is Hermitian, 50 [A1A7, D *
2. A"AB = BBTA*AB ¢ A3A; =0.
3. Notice that R(A"AB) C R(B) if and only if BE'A*AB = A*AB,
10w check properly he enrese equatons, then we see tha. BIAI € (AB)(L2.3) & AATD 1A = Ay and
[A145,07"=0.

Now, we prove the following: 142, 4=2 and 1= 4,
We prove 1 ¢ 2. Notice that

MBIAMBY = AADT & (B = (1B AATD
The last statement s obtined by multiplying the first expression by (4,8, from th let sid, or multplyng the second
expression by A1B from the left side, and using A1A7 = A1 By By A7. Now, there s a chain of the equivalences:
AiB) = (ABY'MAIDT & (ABY (AA] + A2A3) = (A1 B) A AT
& (MB)AAY & R(AA3) CN((M1B))

© RA)CN(AMB)') & BiAjA @ AjA=0.

Therefore, we have just proved that 1

Now we prove 1= 4. If we multiply A{ By(4;B1)! = A;AD~" by A,B from the right side, we get AAD-1A; =
Thus, 4 holds

i, ve prove 42 1 ALAD 1= and [A147 07110, then AiAids =Dy
that A, (A1) C N(A2A) =N(A3). 50 AAr =0. Thus, 2 holds,

Mot the cqualence 3 .4 roved n 3 0.

VAT AL + Az A3Ay, implying

(6) 1. (AB)'AB = B'ATAB < (4181)'A1By = By AD~A1B,. Moreover, (41B)'A1By is Hermitian, so (818}, A1~ Ayl =

o.
2. ABB" = ABB*A'A > AByBjATD ' Ay = A1B1B} and A(B\BjATD A,

A o
3. Notice that R(BB*A") C R(A") i and only if A'ABBA* = BB A", which is equivlent to ABB*AA = ABB". Hence,

4. The Penrose equarions imply that: BTAT € (AB)(1,2,4) & A|ATD~Ay = Ay and [8,B]. A{D~'Ay]=0.

We prove 154521

Stppose that 1 e, I we mutiply (A.Bn AiBy = By A{D='A1B1 by AiBy from the left side, we obtain A;
A A0 Ay, Furthermore, (8485, A D11 =0 holds. Therelore, 1 =4,

Suppose that 4 holds. Obviously. A,R\R‘A‘n 1Ay = AyA;D~1A\B1B; = A, B B;. Thus, the first equality of 2 holds. The
second equality of 2 also holds, since AD~"A2 =0 & AyA;D~ Ay = Ar, which is shown in the proof of Theorem 2.1. Here
we use again (8187, A{D~Ar] = 0. Consequently, 4= 2.

In order to prove that 2 = 1, we multiply AiBiB{A{D~'Ar = AiB1B] by (AiBy)! from the left side. It fol-
lows that BEATD 1Ay (ms,ﬂmu.s' 50 (A1B)! 1By = B{ATD™A1(B)~" which is equivalent to (418118

o 5. Hence, 2>

" Nolee that 4.5 e prod i 8]

Finally, the part (c) follows from the parts (a) and (b). O

We also prove the following result,

‘Theorem 2.3 Let X, Y, Z be Hilbert spaces, and let A & L(Y. Z), B € L(X.Y) be such that A, B, AB have closed ranges. Then we
have!

@ AB(AB)'A = ABB' > A*ABB' = BB'A*A & R(A"AB) C R(B) & B'A' € (AB)(1,2,3)
7 B(AB)!AB = A1AB  A1ABB* = BB*A'A & R(BB*A®) C R(A*) & BIAT € (AB){1,2,4)
¢ The following three statements are equivalent:

o By = aiAT
@] AB(AB)'A = ABB and B(AB)!AB = A'AB;
@ A*ABB! = BBIA*A and AIABB" = BB*A'A

Proof. The operators A and B have the same matrix representations as in the previous theorem. First, we find equivalent
expressions, in the terms of A1, Az and By, for our assumptions,
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be Hilbert spaces, and let A € L (Y., 2), B € £(X, Y) be such that A, B, AB have closed ranges. Then the

following statements hald:

@ AB(AB)! = ABB'A' &> A*AB = BB'A*AB & R(A"AB) S R(B) & B'A' € (AB)(1,2,3);
] (AB) AB=BIATAB & ABB* = ABB*A'A & R(BB*A") € R(A") & B'AT ¢ (AB){1,2,4);
1 el samens e vl

1AT;

O Wt = A8 A and Ay A =slatas;
f A*AB = BBIA"AB and ABB" = ABB*AlA
97 R (K28 £ R(8)and R(B Ay £ ROA)

Proof. The operators 4 and B have the same matrix representations as in the previous theorem. The following products
will be useful:

A1By 0O it By' 0 AT By'A}D' 0
an=[A0 ] amt [ W8 ] wa[B0T 0]

>

First, we find the equivalent expressions for our statements in terms of Ay, A2 and By
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@) 1. AB(AB)! = ABB'A' & AiBI(A1B1)' = AIATD . Here AiB1(A1By)! is Hermitan, 50 [A1A7,D *
2. A*AB=BB'A*AB <> A3Ay =0.
3. Notice that R(A"AB) C R(B) if and only if BE'A* AB = A*AB, s
10w check properly he enrese equatons, then we see tha. BIAI € (AB)(L2.3) & AAD A = Ay and
[A143.D"

Now, we prove the following: 142, 4=2 and 1= 4,
We prove 1 ¢ 2. Notice that

MADT & (MiBY) = (A8 MATD

BBy
he las satement is obtained by muliplying the it exprssion by (481" fom th left side,or mltpling th second
expression by AyB, from the leftside, and using Ay A7 = 4181 B; A7 Now,there i a chain of the equivalences:

AiB) = (ABY'MAIDT & (ABY (AA] + A2A3) = (A1 B) A AT
& (MB)AAY & R(AA3) CN((M1B))
& RADCN((MBY) & BiAA=0 & AjA=0

Therefore, we have just proved that 1
Now we prove 1= . If we multiply A1 By (4:B1)! = AA;D~1 by A5y from the right side, we get AA7D~1A; =
‘Thus, 4 holds.
Finally, wevmvtA:)? fann A=A
that A4 (A1) C N (A24) = N(A3), 50 A3Ay
o tht the eqvalenc 3 54 v i 4] o,

VAT AL + Az A3Ay, implying

Ay and (4147, D11 =0 then A4y = DAy
Thus, 2 holds.

(6) 1. (AB)'AB = B'ATAB < (4181)'A1By = By AD~A1B,. Moreover, (41B)'A1By is Hermitian, so (818}, A1~ Ayl =

DA

o.
2. ABB* = ABB*A'A <> ABiB}AID~ Ay = A1B1B} and A;B,B}

A o
3. Notice that R(BB*A") C R(A") i and only if A'ABBA* = BB A", which is equivlent to ABB*AA = ABB". Hence,

4. The Penrose equarions imply that: BTAT € (AB)(1,2,4) & A|ATD~Ay = Ay and [8,B]. A{D~'Ay]=0.

We prove 154521
Stppose that 1 e, I we mutiply (A.Bn AiBy = By A{D='A1B1 by AiBy from the left side, we obtain A;
A A0 Ay, Furthermore, (8485, A D11 =0 holds. Therelore, 1 =4,
Suppose that 4 holds. Obviously. A,R\R‘A‘n 1Ay = AyA;D~1A\B1B; = A, B B;. Thus, the first equality of 2 holds. The
06> AA;D~1A, = Ay, which is shown in the proof of Theorem 21 Here

second equality of 2 also holds, since A3D~1A
we use again (8187, A{D~Ar] = 0. Consequently, 4= 2.
In order to prove that 2 = 1, we multiply AiBiB{A{D~'Ar = AiB1B] by (AiBy)! from the left side. It fol-
lows that BEATD 1Ay (ms,ﬂmu.s' 50 (A1B)! 1By = B{ATD™A1(B)~" which is equivalent to (418118
o 5. Hence, 2>
" Nolee that 4.5 e prod i 8]

Finally, the part (c) follows from the parts (a) and (b). O

We also prove the following result,

‘Theorem 2.3 Let X, Y, Z be Hilbert spaces, and let A & L(Y. Z), B € L(X.Y) be such that A, B, AB have closed ranges. Then we
have!

@ AB(AB)'A = ABB' > A*ABB' = BB'A*A & R(A"AB) C R(B) & B'A' € (AB)(1,2,3)
7 B(AB)!AB = A1AB  A1ABB* = BB*A'A & R(BB*A®) C R(A*) & BIAT € (AB){1,2,4)
¢ The following three statements are equivalent:

@ (AB)' = Bl

@] AB(AB)'A = ABB and B(AB)!AB = A'AB;

@ A*ABB! = BBIA*A and AIABB" = BB*A'A

Proof. The operators A and B have the same matrix representations as in the previous theorem. First, we find equivalent
expressions, in the terms of A1, Az and By, for our assumptions,
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Applications

Handbook Of Lln Algebra (20 V/ 6 V/ 4 ) (Bernauer, H., Regensburger '23)
o each proof takes < 1 second
o proofs consist of up to 226 polynomials

Recent results in operator theory
o they: We use [...] decompositions of Hilbert spaces
o we: purely algebraic proofs = our proofs generalise results

NeW resUItS (Cvetkovi¢-lli¢, H., Hossein Poor, Milosevi¢, Raab, Regensburger '21)

o software used to find minimal assumptions

Homological algebra kerla) == ker(b) == ker(c)

la b le
0—— A ——— B ——C’
L
coker(a) — coker(b) — coker(c)
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Computing short proofs
I iordievic, Dincic 109) A, B matrices such that AB exists.
Bf(ABBT)I = (ATAB)'AT = BfAT = (AB)! = BIAT
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Computing short proofs
B (Diordievic, Dincic 09) A, B matrices such that AB exists.

BT(ABBf)I = (ATAB)'AT = BfAT = (AB)! = BfAT
Correctness of this theorem translates into (ab)t —btal € (f1,...,f44)

— (ab)tabbtt; (ab)Tb(atab)fb(atab)t(abbt)

— (ab)Tabbifsb(atab)tb(atab)f (abbt)f

afab(aTab

Another proof

(ab)t —bTal = 57 —f1o+bTf14 —f12(ab)T —bT(abbl)Try +bT(abbT)Tr5
+ (atab)Talfo(ab)t —b*fo5((ab)f)*(ab)T — f,7 ab(ab)t + fo5ab(ab)t
—f39(a®)"((ab)F)*(ab)T + 1T (abbH) T ((abbT)T)* (bF)*f37 —bTf14a b (aF)*
+ (aTab)Tatabfy;(ab)T —bT(abbT)Tf15((ab)T)*b*(aT)*
+f20b* (ah)*((ab)T)* (ab)T + (aTab)tal abb*fy5((ab)T)* (ab)f 21



What about false statements?

VA,B,C : (A£0 A AB=AC) = B=C
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What about false statements?

VA,B,C: (A#0 N AB=AC) = B=C
Idea: make ansatz

with matrices
of fixed size

A (@ a2 B— b1 b c_[¢cn
azr a bz b2 €21

C12
C22
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What about false statements?

VA,B,C : (A#0 N AB=AC) = B=
Idea: make ansatz SAT
with matrices +
of fixed size Hensel lifting

1 0 0 1 0
Does this always work? — No.

Will a better algorithm always work? — No.

Does this work often enough? — Don’t know yet.

C

1
—1

)
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Conclusion

Summary

e Framework for proving first-order statements about linear operators
e Approach yields semi-decision procedure

e We can find minimal assumptions, short proofs, counterexamples,. . .
Outlook

e Use state-of-the-art techniques from theorem proving
e Include operator series, analytic properties, uncertainty,. . .

e Further applications

px






